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Abstract: Wc consider an Euclidean supersymmetric field theory in Z 3 given by a supersymmetric <& 4 
perturbation of an underlying massless Gaussian measure on scalar bosonic and Grassmann fields with 
covariance the Green's function of a (stable) Levy random walk in Z 3 . The Green's function depends on 
the Levy-Khintchine parameter a = ■ 3 -i^ with < a < 2. For a = | the <I> 4 interaction is marginal. 
We prove for a — 1 = | > sufficiently small and initial parameters held in an appropriate domain the 
existence of a global renormalization group trajectory uniformly bounded on all renormalization group scales 
and therefore on lattices which become arbitrarily fine. At the same time we establish the existence of the 
critical (stable) manifold. The interactions are uniformly bounded away from zero on all scales and therefore 
we are constructing a non-Gaussian supersymmetric field theory on all scales. The interest of this theory 
comes from the easily established fact that the Green's function of a (weakly) self-avoiding Levy walk in Z 
is a second moment (two point correlation function) of the supersymmetric measure governing this model. 
The rigorous control of the critical renormalization group trajectory is a preparation for the study of the 
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It was observed long ago, [PS, McK ], that the Green's function of weakly self avoiding simple random 
walks (SAW) on a lattice Z can be expressed as a correlation function in a supersymmetric field theory. 
This can be shown rigorously by the same derivation as in [BEI, BI1, BI2] for SAWs on hierarchical lattices. 
Consider instead of simple random walks the more general case of continuous time (stable) Levy walks 
whose scaling limits are stable Levy distributions, [KG, F]. Such walks can be realized as jump processes 
with probability distributions permitting long range jumps, [F]. Their characteristic functions are given by 
the Levy-Khintchine formula with characteristic exponent a, < a < 2, [F], a = 2 corresponding to simple 
random walks. The Green's function of continuous time weakly self avoiding Levy walks (SALW) can also 
be realized as a two point correlation function in a supersymmetric field theory by the same derivation as 
in [ BEI, BI1, BI2]. This paper is concerned with proving the existence of a critical uniformly bounded 
renormalization group (RG) trajectory for the interactions in the underlying supersymmetric field theory 
corresponding to the class of SALWs where a — with < e < 1 and e held small. The case a = | 
corresponds to mean field theory. Uniformity is with respect to the lattice scale which changes with each step 
of the renormalization group map. We find that the interactions are non-vanishing at all renormalization 
group scales, which is the lattice version of a non-Gaussian fixed point. This gives the foundation for the 
study of the Green's function of SALWs in the scaling limit which is postponed to the sequel. Ultimately 
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one would like to be able to extract from this the end-to-end distance behaviour for SALWs. 

The supersymmetric field theory in question is a lattice supersymmetric generalization of the model 
considered in [BMS] . We describe it informally here and leave the details for the next section. Let A be the 
standard Laplacian in Z 3 . Then for x, y e Z 3 , and < a < 2, C(x — y) = (— A)~ a / 2 (x — y) is the Green's 
function of a stable Levy walk. Let ipi, ip 2 be independent identically distributed Gaussian random fields 
in Z 3 with covariancc \C . Let <p = ipi + iif2 and (p its complex conjugate. Introduce a pair of Grassmann 
fields tpjtp of degree 1 and —1 respectively. Let $ = (tp,i^) and $ = V>). The inner product is given by 
(<&, $) = = iptp + V>V>- Let A c Z 3 be a finite subset. Define 

V (A, $) = go I dx(^) 2 (x) +fto f dx^(x) (0.0) 

J A J A 

where the coupling constant g a > and dx is the counting measure in Z 3 . Then our model in finite volume 
A is defined by the supermeasure 

=^c A (1>)e- yo(A '* ) (0.1) 
where Ca is the restriction of C to the points of A and d^ic A (^) 1S the Gaussian supermeasure 

dnc A ($) = ]J dip l {x)dip 2 {x)dil}{x)d^{x) e^*'^ 1 *)^) (0.2) 
xeA 

Integration over the Grassmann fields is Berezin integration and dfi\(<f>) is interpreted as a linear functional 
on the Grassman algebra (generated by the ip,ip with coefficients which are functionals of the <p,<p). An 
important fact is that the potential Vo(A, $) is supersymmetric ( supersymmetry in this context and some 
of its consequences are given in the Section 1.1). As a consequence we have that the supermeasure c?/xa($) 
is normalized : 

f d/i A ($) 1 = 1 (0.3) 

The parameters of the supermeasure fi\ defined in (0.1) correspond to those of SALWs. Thus go measures 
the strength of self-repulsion and fig the killing rate of a weakly self-avoiding Levy walk. The reader will get 
a full dictionary in [BEI, BI1, BI2] where the end-to-end distance behaviour was studied for SAWs in a four 
dimensional hierarchical lattice with the help of supersymmetry. 

We give an informal description of the results of this paper. We will choose a = 3 -i £ with < e < 1 , in 
particular we hold e > very small. We will take A to be a very large cube. By successive RG transformations 
we will get a sequence of measures ( the RG trajectory of measures) living in smaller and smaller cubes in 
finer and finer lattices till we arrive at a fixed small cube in a very fine lattice. This will take log A steps. 
At every step the measure is a new gaussian measure times a new supersymmetric density. The Gaussian 
measure is characterized by a covariance and the sequence of covariances converge to a smooth continuum 
covariance. The supersymmetric density incorporates the interactions. The principal information is in the 
local interactions incorporated in local potentials of the above type albeit with new parameters (coupling 
constants) and on a finer lattice. The other interactions are contracting ( irrclcvant)in an appropriate sense 
and are expressed in the form of polymer activities. The coupling constants and polymer activities give 
coordinates of the RG trajectory. These coordinates provide Banach spaces of interactions which permit 
a rigorous study of the Wilson RG [WK] avoiding real space renormalization group pathologies, [GP1], 
[GP2], related to the Griffiths singularity problem in disordered systems, [G]. See [BKL] for a review of these 
pathologies. The goal of this paper is to study the RG trajectory of these coordinates in the infinite volume 
limit which makes sense for these coordinates. The true infinite volume limit and the scaling limit will be 
taken at the level of correlation functions. 
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In section 1 wc define the model, introduce supersymmetry and develop some of its consequences. The 
RG analysis of this paper is based on the finite range multiscale expansion of covariances of [BGM]. We 
summarize the basic results of [BGM] pertinent to this paper in Theorem 1.1. This is an alternative to the 
Kadanoff- Wilson block spin RG developed extensively by Gawedzki and Kupiainen [GK 1,2], and Balaban 
[Bal 1,2,3]. A crucial simplification arises due to the finite range of the fluctuation covariances: Cluster 
expansions are no longer needed in the control of the fluctuation integration which is an essential step of 
RG transformations. As a result all estimates are local in character. In this section we also define lattice 
polymers and polymer activities. 

In section 2 we introduce norms which will measure the size of polymer activities. These norms are suggested 
by those in the continuum analysis of [BMS] W but now take account of the presence of Grassmann fields. 
The choice of these norms was inspired by discussions with David Brydges. They are closely related to 
norms which will appear in the forthcoming study of self-avoiding simple random walks in four dimensions 
by Brydges and Slade [BS]. 

In section 3 we define the RG map as we will use it and in section 4 apply it to our model. In particular we 
develop second order perturbation theory. The task is to control the contributions from the remainder and 
this is taken up in the next section. 

Section 5 gives the basic estimates that we will need for the control of the RG trajectory. These estimates are 
extensions of those in section 5 of [BMS] . The latter paper studied a critical bosonic theory in the continuum. 
Our present estimates take account of the presence of Grassmann variables as well as the lattice which has 
led to a considerable number of new details. The upshot is Theorem 5.1. 

Section 6 is devoted to the proof of existence of the stable manifold: there exists an initial critical mass 
p,o which is a Lipshitz continuous function of the coupling constant go such that RG trajectory is bounded 
uniformly on all scales. The proof is established by a combination of three theorems, namely Theorems 6.2, 
6.4, and 6.6. 

Finally we observe that the coupling constant g n is uniformly bounded away from at all scales n > . As 
a result the global RG trajectory gives rise to a non-Gaussian field theory. We remark that in a continuum 
version of this model with a cutoff modelled on that of [BMS] one can prove more: the continuum RG 
trajectory ends at a non-trivial fixed point. But the notion of a fixed point is devoid of meaning for lattice 
field theories because the RG map even in infinite volume does not give an autonomous action on a fixed 
Banach space. 

1.1 Definitions, model, supersymmetry 

Let e\,B2,ez be the standard basis of unit vectors specifying the orientation of Z 3 . We let d M denote the 
forward lattice derivative in direction e M and d* its L 2 (Z 3 ) adjoint. The latter is the backward derivative. 
Then the lattice Laplacian A in Z 3 is defined by 

3 

-A = J2d;a, (i.i) 

Let A(p) be the Fourier transform of the integral kernel of A in Z 3 , namely 

3 

A(p) = 2^(cos( PAl )-l) (1.2) 

W A. Abdesselam in [A] corrected an error which occurs in [BDH-cps, BMS] where it is wrongly asserted that 
certain normed spaces are complete. This problem was resolved in [A] by some changes in definitions which 
fortunately are such that, as noted in [A], the estimates, theorems and proofs of [BDH-eps, BMS] remain 
true without change. On the lattice however the function space subtleties encountered in [A] disappear. 
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Let a = 3 -±^ be a real number with < a < 2. Then the Green's function of a (stable) Levy walk in Z 3 is 
given by 

C(x -y) = (-A)-/ 2 (x - y) = [ ^* e *(*-») (-A( P ))-/ 2 (1.3) 

C is positive-definite and therefore qualifies as the covariance of a Gaussian random field in Z 3 . We introduce 
a pair of independent identically distributed Gaussian random fields ipi, ip2 with mean and covariance 

E(<p j (x)<p j (y)) = ±C(x-y) (1.4) 

for j = 1,2. 

Let tp{x) — <pi(x) + i(fi2(x) be a complex scalar field and (p(x) its compex conjugate. On the space of 
functional of ip, <p we have the Gaussian probability measure 

d^ c {4>) = dni c {<t>i)dni c ((fc) (1.5) 
Then each of ip, ip has zero covariance and 

E{<p(x)<p{y))=C{x-y) (1.6) 

Grassmann algebra and integration 

Let A C Z 3 be a bounded subset. Fa represents the algebra of C valued functionals of the fields {4>, <fi : A — > 
C}. Let ^){x),'4>{x) for all x € A be the ( anti-commuting) Grassman elements of degree 1,-1 respectively. 
Following standard usage we will refer to them as (scalar) fermions. We denote by Qa the Grassman algebra 
generated by the tjj(x),'ip(y) by multiplication and linear sums for all x,y € A with coefficients in Fa- The 
Grassmann algebra is naturally graded Q\ = p f2 A where the integer p is the degree and each fi A is a Fa 
module. f2 A is an algebra. Because of the anticommuting property of the generators, and because A is a 
finite lattice an element of Q A is a finite sum of degree p elements with coefficients in Fa- For example, an 
element Fa of fl A can be uniquely represented as 

F A ((p,iP) = Y^ / Yldxjdyj F Ai 2p{ip;x 1 ,..,x p ,y 1 ,..,y p )Y[ip{xj)ip{yj) (1.7) 

where dx is the counting measure in Z 3 . The coefficients, Fa.2 P (¥>; x\, ..,x p ,yi, ..,y p ), are antisymmetric in 
(xi, x p ) and in (y±, y p ). When A is a finite subset the above multiple sum is finite. In the following we 
will often refer to the coefficients F\ t 2k above as bosonic coefficients. Here and in the following we suppress 
indicating the dependence of the bosonic coefficients on (p. 

These considerations are of course valid for a lattice (<5Z) 3 for any lattice spacing 6 with the corresponding 
notations A,5,Fa 5 , 0a 5 , dx being <5 3 times the counting measure in (5Z) 3 . 

Now we define fermionic expectation (integration) using Berezin integration which we review briefly and set 
up our conventions. Berezin integration is a linear map Sl\ — » ^A which satisfies 



/ 



dV^)FA(^,0,0H7T-V2_JL_ FA 



where F\ 6 Q\ and the fermionic derivative ^ is an antiderivation: If / G and g £ £l q A then 

3 3 3 

:(f9) = -^fg + (-i) p f-. 



dip(x) dip dtp(x)' 
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Integration with respect to d^p(x) is given by the same formula with on the right hand side. Mul- 

tiple integration is repeated integration using the above rule, keeping in mind that fermionic derivatives 
anticommute. 

Define Ca(x — y) = C(x — y) : x,y e A. We consider this as a |A| x |A| dimensional positive definite 
symmetric matrix with x,y labelling the entries. Then we define the fermionic expectation -E/,a as a linear 
map Cl\ — * F\ as follows: Let Fa 6 Oa- We adopt the convention F\(ip, <p) = F\(V>, ip, <p, 4>). Then 

E S AFa) = j ' dnc A W>)FAW,<f>) (1.9) 

where 

J dficA^W,®) = (det ttCa) |A| J '[[(di:(x)d^(x))e^^ 1 ^- 2 wFA^ 7 ct>) (1.10) 

We call dfiChiip) a fermionic Gaussian measure and use the terminology measure and expectation inter- 
changeably It is not difficult to show that we have a fermionic counterpart of the bosonic gaussian formula, 
namely 

J dpcAWMA) = J^ dxdyCA{x - y) ^^FA^M^ (I-") 

where dx is the counting measure. The fermionic expectation above annihilates the component of Fa ^ £^a- 
Note that the expectation of a product of two ip or of two ip vanishes whereas if x, y e A 

E f Mx)*P{y))=C{x-y) (1.12) 



More generally, if Xj,yj G A, j = 1, 2, .. 



n 



EfA II $(*iMVi)) = det ( c ( x i - y k ))lk=i (1-13) 

We define the field &(x) (called superfield in anticipation) as the pair 

*{x) = (<p(x)M*)) (1-14) 

with the scalar product 

($(.t), $(?/)) = $(.T)l>(y) = <p{x)<p(y) + ip{x)ip{y) (1.15) 
More generally if A(x, y) is a matrix for x, y £ A we define 



(*,4S)l*(A) = / dxdy$(x)A{x,y)${y)= dxdy {y{x)A{x,y)(p(y) + tp{x)A(x,y)ip{y)) (1.16) 

JAxA J AxA 



Let Fa($) belong to J7a- Fa also depends on <I> but here and in the following this is not explicitly indicated. 
Since Fa(<&) € £!a it has the representation (1.7). We define the expectation Ea as a linear map ft a — ► C 
obtained by combining the bosonic and fermionic expectations: If Fa € Oa with [ic intcgrable bosonic 
coefficients then 



J rf/i CA ($)F A ($) = J 



EA(F A m - / d^ CA (^)F A m = / ducAMncMW*) (1-17) 
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Thus 



Ba(F a (*)) = / J] Mx)dy{x) Y[ #(z) [] #(z) e-^'^W)^*) (1.18) 

Notice that the determinant in the fcrmionic integration formula (1.10) has cancelled out with the inverse 
of the same determinant which appears in the bosonic integration measure. 

The expectation defined above is normalized. In other words if 1a($) is the indicator function of tt\ then 



Ea(U(*)) = 1 (1-19) 

We have the natural order relation f^A C Oa' if A C A'. Moreover if A C A' and Fa € Ha then Ea'(F\) = 
E\(Fa) as is not difficult to show. We define Q as the inductive limit of the Ha as A C Z 3 varies over 
increasing subsets tending to Z 3 respecting the order relation above. The {£a,^a} constitute a projective 
family. We denote by E the projective limit: Let F € £1 with [ic integrable bosonic coefficients. We have 

E(F)= [ dfj,c{$) F($) = lim E A >{F) (1.20) 
J A'tZ 3 

and this limit exists since F £ Ha for some finite set A and therefore E(F) = Ea{F) which exists. 
Remark : The above construction is motivated by analogous considerations in [BEI]. 

Lattice integration : In the following and throughout this paper we will represent lattice sums as integrals 
where for the ((5Z) 3 lattice the integration measure is the counting measure in (<5Z) 3 times a factor <5 3 . Thus 
if / is a function on (5Z) 3 we define 

dxf(x) = S 3 £ f(x) (1.21) 



We now define a Laplacian acting on functionals in 

Ac= L x r dxdyC{x - y) ^)-om = 
= /z3 xZ 3 dxdy c(x ~ v)[ dh)dh + ohdh ] (L22) 

These integrals on 1? automatically restricts to A x A when applied to functionals of <f> which live in a 
bounded subset A of 1? . It follows from (1.11) and its bosonic counterpart that if Fa($) € f2 A with [ic 
integrable bosonic coefficients then 

E(F A ($)) = e^FA(n v =^^=o (1-23) 

Note that the action of e Ac is well defined. In fact since Fa( < &) is in f2 A and A is a finite lattice, it can 
be expressed as a finite sum of Grassmann elements with coefficients in Ta- e Ac factorises into bosonic 
and Grassmann exponentials. The expansion of the Grassman exponential acting on Fa($) evaluated at 
ip = ■(/) = thus terminates and we are left with the expectation of the bosonic coefficients which is well 
defined since they are He integrable by assumption. 
We have in particular 



£($0r)l>(2/)) = (1.24) 

and more generally 
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3=1 



(1.25) 



This can be proved by computation or more simply using supersymmetry (introduced later) . The integrand 
is supersymmetric and Lemma 1.1 below gives the result. 
Wick polynomials P($) are defined by the formula 

: P($) : c = e" Ac P($) (1.26) 

This implies in particular that 

: : c = (1.27) 

and 

: ($$) 2 : c (x) = ($$) 2 (x) - 2C(0)($ • $)(x) (1.28) 
For future reference we note that for a = 1, 2 



: ($$)$ Q : c (a:) = - C(0)$ a (a;) (1.29) 

where <&i = <p, $2 = V'- 

Remark : The considerations from (1.8) to (1.28) remain valid on a lattice (SZ) 3 if we replace in the above A 
by a bounded subset As C (5Z) 3 and the positive definite matrix C by an arbitrary positive definite matrix 
Cg(x,y) with x,y G (SZ) 3 . The functional Laplacian Ac in (1.22) is replaced by Ac s with the integration 
over (8Z) 3 x (SZ) 3 . 

The model : 

Let L be a triadic integer, L = 3 P with integer p > 2. Let = (—^5-, ^ 2 - ) 3 C K 3 , with A large be a large 
open cube in R 3 . Distances in R 3 and lattices (SZ) 3 will be measured in the norm 

\x-y\ = max .\ Xj -y 3 \ (1.30) 

1<J<3 

Define Ajv.o = A^v n z 3 . This is a (large) cube in 1? of edge length L N . The second index in Aat j0 
emphasizes that this is a cube in Z 3 . The local potential (0.0) will be written in a C-Wick ordered form by 
using (1.28) and (1.27). This gives 

V (Anm, *) = / dx g : ($l>) 2 : c (a:) + M o / : : c (a;) (1.31) 



where Mo = Mo + 2C(0)g - 
Define 



We define the measure 



Z (A Nfi ,$) =e- y ( A ^-*) (1.32) 



dMw,o($) = rfMc(*)^o(Aiv,o, *) (1-33) 



Note that the measure is normalized 



y d/ijv,o(*) = 1 (1.34) 
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This follows from Lemma 1.1 below which exploits supersymmetry introduced later. However heuristically 
this is evident if we formally expand the exponential, integrate term by term and use (1.25). This measure 
defines our model. 

Supersymmetry 

The density of the measure d/iN,o(^) as well as its RG evolution have the important property of being 
supersymmetric. This will restrict considerably the form of the evolved density. 

A supersymmetry transformation Q : Q\ — > £7a is a derivation on the bosonic fields and an antiderivation 
on the grassman fields which acts on the fields as follows : 



Qtp = ip 
Qtp = -0~ 

oi (L35) 

Q4> = Cp 

Let F\($) = F\((p, <p, -0, -0) belong to Oa with bosonic coefficients differentiable in the bosonic fields <p(x), x e 
A. Then the action of Q on Fa is given by a super vector field denoted by the same symbol Q 

QF * = L dX (^ak) ~ ^Wix) + ^3W) + ^W(x)h (1-36) 
We say that a functional Fa is supersymmetric if QF = 0. 

Remark: A super vector field is not a vector field because fermionic derivatives are antiderivations. 
An (infinitesimal) gauge transformation Q : Q\ — > 17a is a derivation whose action is given by 



Qtp = iip 
Q(p = —iip 
Qtp = iip 
Q^p — —i{p 



(1.37) 



This induces on an function Fa the action of a vector field denoted by the same symbol Q 

SF * = i L dx (vtoafiT) ~ ^W(x) + ^ok) + ^am) F ^ (L38) 

We say that a functional Fa is gauge invariant if QFa = 0. 

From (1.35) we see that Q 2 engenders an infinitesimal gauge transformation (1.37). Thus acting on gauge 
invariant functionals 



Q 2 = (1.39) 

An important property of the super vector field Q which we will exploit later is that it commutes with the 
super Laplacian Ac defined in (1.22): 



[Q, A c 

as is easy to verify. 
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It is easy to verify that any polynomial in <J>i> and their (lattice) derivatives is supersymmetric. As a 
consequence we have QV(A, <J>) = where V is given in (1.31) and thus the starting interaction potential is 
supersymmetric. 

Let T(x,y) be any positive definite symmetric matrix. Let Ar be a super Laplacian given by (1.22) with 
C replaced by T. Let F\($) be an Qa functional with fi c integrable bosonic coefficients. Let £ = (C, J?) be 
another superfield. Define the convolution 

/ir*F A ($) = J dnr(Z)F A ($ + Z) = e Ar F A (*) (1.40) 
Since Q commutes with Ar, Q a/so commutes with convolution with the measure fir ■ 



tir*QF A ($) = Qfir*F A ($) (1.41) 

Therefore if Fa is supersymmetric so is fir * F A . This observation prefigures the supersymmetry invariance 
of the renormalization group map which we will introduce later. 

It follows by evaluating (1.41) at <f> = that 

dfi r ($) Q^a($) = (1.42) 



since the left hand side is given by (fir * QF\{&)) and this vanishes by virtue of (1.41) since the 

$=o 

coefficients of the super vector field Q vanish when the fields vanish. ■ 

Lemma 1.1 : Let F A (<1>) be a supersymmtric Sl A functional with differentiable bosonic coefficients which are 
fir integrable. Then 

J d M r(*) *a(«) = ^a(O) (1.43) 



Proof : A be a real parameter. Define 



We will prove 



/(A) = J dfi T {$) F K {\§) (1.44) 



£/(A)=0 (1.45) 

This implies that /(A) is a constant and hence evaluating at A = gives (1.43). 
Taking the A derivative in (1.44) we get 

^f(X) = J dfiri*) (X>Fa)(A*) (1.46) 

where 



Note that the four coefficients of V can also be written as (Qi(>(x), Qi[)(x), Q(f>(x), —Q(f>(x)) which we have 
taken in the same order as above. This suggests that we consider the operator 



L 



L <*^oh + * w s?b + m tm - ^s&j) (L48) 
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and act with Q on it. We also consider the action of C on Q. A straight forward computation gives the nice 
formula 



V = ^(QC + CQ) (1.49) 

We substitute for T> in (1.46) the right hand side of (1.49). The contribution of the first term vanishes by 
(1.42). The contribution of the second term vanishes because Fa is supersymmetric by hypothesis. This 
proves (1.45) and we are done. ■ 

Remark : The special case of Lemma 1.1 for a hierarchical lattice is Lemma 2.1 of [BI]. This Lemma 
has the important consequence that no field independant relevant parts ( defined later) will arise in the 
renormalization group analysis to follow. 



1.2 Lattice renormalization group transformations 

We say that a function f(x,y) has finite range L if f{x, y) = : \x — y\ > L. Lattice renormalization group 
transformations will be based on the finite range multiscale expansion of the covariance C established in 
[BGM] . 

Let I be a large triadic integer, L — 3 P , p > 2. Define 5 n = L~ n . We have a sequence of compatible lattices 
(S n Z) 3 C M 3 , ((5„Z) 3 C (<5„+iZ) 3 , with n = 0, 1, 2, .... B Sn = ^] 3 denotes the first Brillouin zone of the 

dual of the S n lattice. We have the following theorem which gives the multiscale expansion of the covariance 
C on 1? as a sum of finite range fluctuation covariances living on increasingly finer lattices, together with 
their properties which we will need later : 

Theorem 1.1 (finite range multiscale expansion) : For < a < 2 , d s — ( - 3 ~"- > and n = 0, 1, 2, ... there exist 
positive definite functions T n (x) defined for x e (S n Z) 3 and a smooth positive definite function r c ,» in M 3 
such that for all k>0, constants c^x , CL, m independent of n and q = | 



(1) C(x - y) = L ~ 2ndBT n{^j-p) and the series converges in L° 

(2) r„(a;) = for \x\ > 



n>0 

L 
2 

(3) r„(p) < c KL {\ + p 2 )- 2k for peB Sn , Vfc>0 



(4a) f c ,*(p) — linin^oof n (p) exists pointwise in p 

(46) \f„(p) - TcAp)\ < c fc ,i(l +P 2 r 2fe (l + Vn > 3, Vfc > 0, p G B Sn \ 

(5a) \\dTJn\\ Loa{(SnZ)3) < c L , m ,\/m > 

(56) a c m r c ,, - lim„^ co a 5 ™r„ exists in ^^((^Z) 3 ) 

(5c) \\dTj n - a c m r c ^|| ioo(( , ;Z)3) < c L , m L-« n , Vn > I > 3, v™ > 

where d c is a continuum partial derivative, ds n is a forward lattice partial derivative in (<5„Z) 3 and the 
dependence on the direction vectors have been suppressed. For and <9™ a multi-index convention is 
implicit. 

Remark: The theorem is for the most part a combination of results obtained in various theorems in [BGM] . 
Before we outline the proof note that in [BGM], L was a large dyadic integer whereas we have chosen here L 
to be triadic. The results of [BGM] remain unaffected provided we define the continuum cube U C (R) C K 3 
in section 1 of [BGM] to be (— -f , -f ) 3 - This guarantees in particular that if R = R m = L^" 1-1 ', < m < n, 
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and Us n (R m ) = U c (R m ) n (<5„Z) 3 then the important property dUs n (R m ) C dU c {R m ) remains true. This 
last property is invoked in section 6, page 439 of [BGM], in preparation for the convergence proof therein. 

Proof : The multiscale expansion in part (1) and the finite range property of part (2) were given in Section 
4, [BGM]. The factor 6 in the range QL of F„ is an artifact. By scaling down R m in the cube Us n (R m ) by a 
factor of 3 -4 and the range of the function g in section 1 to 3~ 6 L we get T n to have range L/2. Convergence 
of (1) in L°°(Z 3 ) follows on using d s > 0, Corollary 5.6 and the Sobolev embedding inequality for lattice 
L\ = Hk spaces with k in the Corollary sufficiently large. Part (3) follows from (5.10) of Theorem 5.5 
by integration on a with the measure da aT a l 2 ( see (4.3) of section 4). Corollary 5.6 and lattice Sobolev 
embedding gives (5a). Corollary 6.2 gives parts (4a) and (5b). The convergence rate estimates of parts (4b) 
and (5c) which were not given in [BGM] also follow from the results therein. The proof is given elsewhere, 
[BM]. ■ 

Remark (4b) is not necessarily the best possible estimate. The left hand side has no singularity at p = 
whereas the right hand side does. However it suffices for our purposes because (5c) above follows from (4b) 
and it is (5c) which will be put to use later. In fact (4b) implies that for fixed I > 3 and all n > I, k > 0, 

lip p || ^ n J ~1 n 

W-n J- c,*|| £ i((j ( Z)3) c k,L^ 

where Ljf,((<5;Z) 3 ) is a lattice Sobolev space. The finite range of T„, r Cj * and lattice Sobolev embedding for 
k > 3 + m implies (5c). The singularity at p — in the right hand side of (4b) is integrable in Bs n . It thus 
turns out to be harmless. 

Define for all n > the positive definite functions C n , C Cj * on (<5„Z) 3 and R 3 respectively by the recursion 
relations 

C n (x) =r„(x)+L- 2 ^C„ +1 (|) (1.50) 

C c ,,(x) =T c ,,(x)+L- 2d -C c ,,(^) (1.51) 
Solving these relations by iteration gives 



C,;.<i » 2J ' ! ''-.'(tt) (L52) 

3=0 

oo 

C c Ax) = Y. L ~ 2jdsT ^(jj) (1-53) 

3=0 

Note that Co = C as follows from (1) of Theorem 1.1. 

Corollary 1.2 : The series (1.52) for C n together with that for its multiple lattice derivatives in (<5„Z) 3 
converge in L°°(((5„Z) 3 ). For every integer m > we have a constant CL, m such that 



W^ n \\ LooaSnZ)a) <c L , m (1.54) 

The series (1.52) defining C Ci * and its multiple continuum derivatives of arbitrary order converge in L°°(IR 3 ) 
so that C Ci * is a smooth continuum function. For all m > and d c the continuum partial derivative 



sup \d?C c ,.(x)\ < c L , m (1.55) 
Moreover for n> I > 3 with I fixed and Vra > 7 there exists a constant c^ m such that 
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\ds}C n - 9rCc,*|| L oo((j 1 2)3) - C L,rnL 9 ™ 



(1.56) 



Proof : The first part together with the bound (1.54) follow from (5a) of Theorem 1.1. In fact from (1.52) 
we have 



or n Cn = ^2 L~ 2jds L-^(dr n+ v n+j )( 



3=0 



where we have used repeatedly (m-timcs) the identity ds n T n+ j(^jj^ = L ^ {ds n+j T n+ j)(^jj S j as is easy to 
show. Therefore 



j=0 aG(«5„Z) 3 



<S£ L -W. L - 



3=0 



sup 

y e(6 n+j Zy 



(dT n Tn +j )(y) 



Now use the bound in (5a) together with d s > | to get (1.54). To prove the next statement observe that the 
first part of Theorem 6.1 of [BGM] together with Sobolev embedding implies that ||9™r c .*ll i oo ( -R 3 - ) CL,m- 
Using this (1.55) follows from (1.53). Finally to prove the estimate (1.56) observe that 



\\dZ;C n -d?C c ,4 L ^ {{Si z )3) K^L-W-L-™* sup \(dr n+j T n+j )^) -(9 c m C c ,*)(-^) 



3=0 



< £ l-w-l-™* sup (dZ + V n+j )(y) - d?c c Ay) 



3=0 



< L- nq c L , m ^2L- 2jd °L- mj L- jq 

3=0 

where in the last line we have used part (5c) of Theorem 1.1. (1.56) now follows with. <x new constant cj, m . 
This also establishes that dfC n -» d™C c , t in L°° ((<5 ( Z) 3 ) . ■ 

We consider the finite sequence of compatible lattices {(<5„Z) 3 } for < n < N. The considerations in 
Section 1.1 for fields in Z 3 remain valid for every lattice (<5„Z) 3 provided for the expectations we replace the 
covariance C by C n . Let the fields (fi,tp,^p be defined in (5jvZ) 3 . These fields restrict to the coarser lattices 
(<5„Z) 3 for every n with < n < N. 



We introduce a parameter e with < e < 1 and define 

3 + e 



a 



Let x e (S n Z) 3 . For every n < N — 1 we define the scale transformation Sl by 



(1.57) 



(1.58) 



where 



(3 — a) 3 — e 



(1.59) 
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is the dimension of the field $. The fields ip, <p, tjj, ip are thus assigned the same dimension d s and the same 
transformation law (1.58). Note that the scale transformed fields now live in (5„Z) 3 . 

Let Act 3 and = An (S n Z) 3 . Wc define the scale transformation on functional of fields by 

(SlFXL- 1 ^,*) = F(A 5n ,S L <5>) (1.60) 

The C„ and T n are positive definite and therefore qualify as covariances of Gaussian measures. For x, y e 
(<5„Z) 3 we define the scale transformation of the covariance C n+ i by 

S L C n+1 (x-y) = L- 2d °C n+1 (^) (1.61) 

which permits us to write (1.50) as 

C n (x -y) = T n (x -y) + S L C n+1 (x - y) (1.62) 

Let As n C (S n Z) 3 be a bounded subset. Then (1.62) implies upon using (1.23) (with C replaced by C n ) 
that 

J dnc n {*)F(\s n ,*) = J d» SL c n+1 ($) J d/ir B (0^(A* n ,e + *) (1-63) 

Let L = 3 P with integer p > 2 and let A m = (—^5-, -^r) 3 C K 3 be an open cube in R 3 centered at the origin. 
We denote by 

A m ,n - A m n (<5„Z) 3 (1.64) 

the induced cube of side length L m in (<5„Z) 3 centered at the origin. Let F (Aat i0 , $) be a functional of <f> 
and ($) belonging to Q (An_ ). By virtue of (1.63) we have for n = 

J dn Co {$)F (A Nfi ,*) = y d m (f)Fi(A ff _n,$) (1.65) 

where 

FitAjv-i,!,*) := (5 L /x ro *i ;i o)(Aiv-i,i,*) = J dnr (OF (A Ni o ,£ + S L $) (1.66) 

The final scale transformation takes us to a finer lattice as well as scaling down the size of the cube. 
The iteration of (1.66) using (1.65) gives after n steps 

J diic F (A N , = J dn Cn F n {A N _ n , n ,*) (1.67) 

where 

F n (Ajv-„,n , $) := Mr„_! * F n _i(Ajv-„+i,„-i, Sl$) (1.68) 
(1.68) defines for N > fixed and 1 < n < N — la sequence of maps 

TN-n,n ■ (AjV-n+l,n-l) — * ^°(AjV-n,n) (1.69) 

any member of which we call a renormalization group (RG) transformation. The map is clearly not au- 
tonomous. The first index refers to the cube whose size has gotten reduced because of the rescaling. The 
second index refers to the lattice spacing which has gotten finer because of the rescaling. In the following 
we will apply the RG transformation iteratively to the (interaction) density Z (An_ , $) of the measure 
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dnN,o(&) defined in (1.33) generating thereby the sequence Z n {kN- n ,n , for < n < N — 1. After N — 1 
steps we arrive at -Zjv-i(Ai ; jv-i , $) where A^jv-i is the cube of edge length L in (8n-iZ) 3 centered at 
the origin. The fundamental goal in this paper is to control this sequence of transformations when N is 
indefinitely large in the infinite volume limit (as explained at the end of section 3). 

1.3. Polymer gas representation. 

In order to analyze the RG evolution we will write the densities Z n in a polymer gas representation whose 
form is preserved under RG transformations. 

Polymers : We pave R 3 with a disjoint union of open cubes A C R 3 of edge length 1 called unit cubes or 
1-cubes defined by 

A = (~ +mi,^ + mi) x (~ + m 2 , ^ + m 2 ) x (~ + m 3 , ^ + m 3 ) (1.70) 

where (mi, m2, 7713) e Z 3 . VFe say two unit cubes from the paving are connected if their closures share at least 
a vertex in common. If they are not connected (i.e. their closures are disjoint) we say that they are strictly 
disjoint. A continuum (connected) 1- polymer A is a (connected) union of a finite subset of unit cubes 
chosen from the paving and is thus open. Henceforth, unless otherwise mentioned, a polymer is connected 
by default. 

We will measure distances in R 3 and in all embedded lattices in the norm 

\x-y\ = max .\ Xj -yj\ (1.71) 

1<J<3 

If Ai and A2 are two unit cubes from the paving then the distance between them is 

d(Ai,A 2 )= inf \x-y\ (1.72) 

xeAi, yeA 2 

If Ai and A 2 are strictly disjoint than d(A l7 A 2 ) > 1. 

Let 6 n = L~ n where L — 3 P is a triadic integer. Let 6 be any member of the sequence {S n } n >a- Define the 
unit block or 1-block in (SI,) 3 by 

A 5 = An((5Z) 3 (1.73) 

and the lattice 1-polymer Xs by 

X s =Xn(5Z) 3 (1.74) 
where A is a continuum 1-polymer. Note that as point sets Xg n C Xg n+1 . 

We denote by |A^| the volume of X$ measured in accordance with (1.21). The 1-blocks are lattice restrictions 
of the open continuum unit cubes defined above. Therefore, as is easy to verify, \As n \ = 1 and 

\X Sn \ =tt{A 5 „ : \CX«} (1.75) 

the total number of 1-blocks in X$ n ■ This is equal to | A | the total number of 1-cubes in A by our construction. 
As a consequence we have \Xg n \ — \Xg n+1 \. 

We say two 1-blocks in Xs are connected if the continuum 1-cubes of which they are the lattice restrictions 
are connected ( see above). If the 1-blocks are not connected we say that they are strictly disjoint. The 
distance between two strictly disjoint 1-blocks is > 1. The lattice (connected) polymer Xs is a (connected) 
union of a finite subset of disjoint 1-blocks As. Let Xg and Ys be each a connected polymer. We say that 
Xs,Ys are strictly disjoint if they are mutually disconnected i.e. if every 1-block from Xs is strictly disjoint 
from every 1-block from Ys . Then the distance d(Xs,Ys) > 1. 
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Given an integer n > 1 we define the n- collar of Xg, denoted d n Xg by 

d n Xg = {y $l Xs ■ \x — y\ < n5, some x € ^,5} (1-76) 
where | • | is the distance function inherited from R 3 . We define 

X ( 5 n) =X S U d n X 5 (1.77) 

Let / : (<5Z) 3 — > C. We define the forward lattice partial derivative and the backward lattice derivative 
9s,-n by 

ds,J(x) = 5-\f(x + 8e,) - f{x)) (1.78) 

d s ^f(x) = d* s J{x) = 5~\f(x - 5e„) - f(x)) (1.79) 

where ei, e2, e 3 is the standard basis of unit vectors which provides the orientation of M 3 and thus of all the 
embedded lattices we will encounter, dg is the L 2 ((5Z) 3 ) adjoint of d$^. 

Polymer activity : 

A polymer activity K(Xg, $) = K(Xg, tp, tp), where it is henceforth understood that it also depends on (p, -0, 
is a map Xg, $ — > fi°- (2) where the fields $ depend only on the points of Xg 2 \ 

X 8 

The polymer activities of this paper are of degree 0, gauge invariant and super symmetric, and invariant 
under translations, reflections and rotations which leave the lattice invariant. In addition they satisfy the 
condition K(Xg, $) = K(Xg, — $) together with the support condition : K(Xg, $) = if X is not connected. 
Furthermore K(Xg,0) = 0. 

We write the generic density Z(Ag)(&) in the form 

00 N 

- e ^ nx ' f) e n ( l8 °) 

JV=0 " X s ,i,..,X s , N j=l 

where the connected polymers Xgj C Ag are strictly disjoint, Xg = U^Xgj, Xg°^ = Ag\Xg and V(Yg) = 
V(Yg,$,C, g, n) is given by(1.31) with parameters g, [i and integration over Yg with measure dx defined as 
the counting measure in (<5Z) 3 times <5 3 . The Wick ordering covariance C = C n (see(1.52)) if 5 = 5 n . We 
have suppressed the field dependence in (1.80). Initially the activities K vanish but they do arise under 
RG transformations. The representation (1.80) remains stable under RG transformations as we will see in 
Section 3. 

Polymer activities K{Xg,<fr) = K(Xg,tp,ip) <E fi°- (2) can be represented uniquely as a ( finite) series in the 
fermionic fields ip, -tp with coefficients which are functionals of the bosonic fields ip : 

K{Xg^) = K{Xg,tp^)=Y J -rL f rfxdy (£>^)(X 5 ,^,x,y)f[V(^)^fe) (1-81) 

where: 

x = [x\, ...,x p ), y = (j/i, ...,y p ) and dx = J\i=i dxi where dxi is the counting measure multiplied by <5 3 on 
(<5Z) 3 . y and dy are similarly defined. The coefficient [D 2 p K){Xg, ip,x,y) is defined by 

P-l Q Q 

(D 2 F p K)(Xg,<p,x,y) = l[- T -— -K(Xg,y,iP) (1.82) 



3=0 
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This defines a lattice analogue of a distributional kernel which is henceforth restricted so as to contain at 
most (lattice ) delta functions and their first and second (lattice ) derivatives. It is clearly antisymmetric in 
(x\, ...,x p ) and in (yi, ...,y p ). It is gauge invariant as is the Grassmann monomial of degree 0. 
The polymer activities in question also satisfy 



K(X s ,0) = (1.83) 

Remarks : We will see that the representations (1.80), (1.81) are preserved by renormalization group trans- 
formations. The RG transformations are gauge invariant, preserve supersymmetry by virtue of (1.4-1), as 
well as the vanishing condition (1.83) by virtue of Lemma 1.1. The RG transformations preserve invariance 
of the polymer activities under translations, reflections and rotations which leave the lattice invariant. 



2. REGULATORS, DERIVATIVES AND NORMS 



In this section we will introduce Banach spaces of polymer activities. These are lattice analogues of the 
continuum constructions in [BDH-est, BMS, A] albeit with changes because of the presence of Grassman 
variable. The Banach space norms that we will presently introduce measure differentiability properties of 
the activities with respect to fields (p,ip, as well as the behaviour with respect to large fields dp and large 
sets. The behaviour for large ip itself will be controlled with the help of lattice Sobolev inequalities and the 
local potential. 



2.1 Regulators 

Let ds./j and ds.-^ be respectively the forward and backward lattice derivatives in (<5Z) 3 along the unit vector 
e M defined in (1.78) and (1.79). Here as before 5 is any member of the sequence {5 n } where S n = L~ n and 
L = 3 P with integer p > 2. Define 

Let X be a connected polymer in R 3 and Xg = X (1 (8Z) 3 . Let Xg = Xg U d n Xg as defined earlier ((1.76) 
and (1.77)). Let ip : Xg 5 ' 1 — > C. We define a norm || • ||x { ,i,5 : 

5 

IMlLi.5 = E4 E / dx\d^..^{x)f (2.1) 



where S = {1,-1,2, —2, 3, —3}. This is a lattice Sobolev norm of the type introduced in Section 5, page 421 
of [BGM] but now without the L 2 piece. 
We define now the large field regulator 

G K : X s x ^ (5 ) -> R (2.2) 
where is the algebra of C valued functions on X s by 

S 

G K (X s ,<p)=e KM xs^ (2.3) 
G K satisfies the multiplicative property: If Xs,Yg arc disjoint sets then 



G K (X S UY s ,p)= G K (X S , p)G K (Y s ,p) (2.4) 

G^ 1 will be a weight function in polymer activity norms. The norm || • ||x,5,i,5 can be used in lattice Sobolev 
inequalities, in conjunction with the stability provided by the local potential, to control <p and its first two 
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lattice derivatives pointwise. The parameter k = k(L) > is chosen so that for all L > 2 the large field 
regulator satisfies the stability property given in the following Lemma : 

Lemma 2.1 (stability property) : There exists a constant kq = Ko(L) > independent of n such that for all 
k with < k < k 

J dnr n {0G«{Xs n ,C + <p)<2 ]x ' ] G2 K {Xs n ,<p) (2.5) 
where \X$ n \ is the number of unit blocks in Xg n . 

Proof : (2.5) is proved in exactly the same way as in the proof of the stability property of the continuum 
large field regulator in Lemma 3 of [BDH-est] . The proof uses a flow equation for the measure convolution 
with interpolated covariance which remains true for the lattice. Another ingredient is Young's convolution 
inequality for functions which is also true on the lattice. In the cited proof we replace the covariance C by 
L„ and continuum derivatives by lattice derivatives. From the proof of Lemma 3 of [BDH-est] we see that 
two conditions have to be satisfied by kq, namely : 1) Komax2< m <io ||c^pr„||£oo((,5 n z)3) is sufficiently small 
and 2) «o||r n ||x,i((j n z)8) is sufficiently small. Parts (5a) of Theorem 1.1 shows that that 1) and 2) above can 
be assured by a kq independent of n. From (5a) we have 

K °oJ na J 1n ll 9 ^ r ™ll i °°((' 5 " Z ) 3 ) - K()CL 
2<m<10 

and from (5a) and the finite range property 

K o||rn||ii((5„Z) 3 ) < K L 3 c' L 

It is sufficient to choose n so that the right hand side of both inequalities are sufficiently small. This is 
achieved independent of n. ■ 

Now hold L = 3 P sufficiently large by taking p large. Recall that a — ^rp where < e < 1 so that a < 2. 
Then we get after rescaling 

J dMC) G K {X Sn ,C + S L <p) <2\ x ^G K {L- l X 5n+1 ,y) (2.6) 
because from the scaling property of the fields ip , see (1.58), (1.59)we have 

\\SL^\\ 2 X5nX5 <L-^MU XSn+iX5 (2.7) 

Next we introduce a large set regulator. Let X$ be a connected 1-polymcr in (6Z) r. This is a connected 
union of 1-blocks defined earlier. We define 

A p (X s ) = 2P^l( d + 2 ^ (2.8) 

where for us the dimension of space D = 3, and p is an integer. 

Small sets : We call a connected polymer Xs small if \Xs\ < 2 D . A connected polymer which is not small is 
called large. 

L-polymers and L-closure : Pave R 3 by a disjoint union of open cubes LA of edge length L, called L-cubes: 

LA == {~ + rmL, ^ + m x L) x {~ + m 2 L, ^ + m 2 L) x (~ + m 3 L, ^ + m 3 L) (2.9) 

where (mi, m 2 , m 3 ) e Z 3 . Each L-cube is a union of 1-cubes. Let 6 be any member of the sequence {<5„}„>o 
where S n = L~ n , L = 3 P and p > 2. Take the restriction of these L-cubes to (5Z) 3 and call the latter cubes 
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L-blocks. Each L-block is a union of 1-blocks. The paving of M 3 by L-cubes induces a paving of (SZ) 3 by 
L-blocks. An L-polymer is a union of L- blocks. We define the L-closure of the 1-polymer Xg, denoted Xg^ L \ 
as the L-polymer given by the smallest union of L-blocks containing X$. The notions of connectedness and 
strict disjointness carry over from the case of 1 blocks and 1-polymers. Thus we say two L-blocks from the 
L-paving are connected if the closures of the corresponding continuum L-cubes are connected ( i.e. share at 
least a vertex in common). If they are not connected we say that they are strictly disjoint. Strictly disjoint 
L-blocks are separated by a distance > L. A connected L-polymer is a connected union of L-blocks. If two 
connected L-polymers are not connected to each other we say they are strictly disjoint. Strictly disjoint 
L-polymers are separated by a distance > L. 

Lemma 2. 2 : Fix any integer p > and let L be sufficiently large depending on p. Then for any connected 
l-polymer X$ 

A(L~ 1 X$^) < c p A- p (X s ) (2.10) 

For Xs a large connected 1-polymcr, 

A{L-^X S {L) ) < CpL-^A-piXs) (2.11) 
Here c p = 0(1) is a constant independent of L and S. 

Remark : This is the lattice version of Lemma 1 of [BDH-cst] . It is purely geometrical and proved in the 
same way. 

2.2 Field derivatives and norms: The polymer activities in question are degree gauge invariant su- 
persymmetric functionals of the complex bosonic fields tp, tp and the fermionic fields ip, ip. Lattice field 
derivatives are partial derivatives with respect to the fields at different points of the lattice. The fermionic 
derivative is an antiderivation. However in order to measure the size of the lattice field derivatives it turns 
out to be useful to generalize the notion of field derivatives as directional derivatives (directional in field 
space). For the bosonic coefficient this is the lattice transcription of that given in [BDH]. For the fermionic 
part there is no clear sense of direction and the definition we give below suggested to us by David Brydges 
is both natural and useful. 

Let Xs C (<5Z) 3 be a connected polymer. Let fj for j = l,....,m be C valued functions on Xg 2 \ Let 

— f2) ~ (2.) 

<?2p(x, y) =: g2p{x\, .., x p , .., y p ) be a C valued function on (X s ') p x (Xg ') p , antisymmetric in the xj and 
in the yj. A polymer activity K(Xs,&) has the representation (1.81) with the coefficients defined in (1.82). 
We consider it as a function of tp, tp, ip, ip denoted as K(X$, p, tp) where we have suppressed the dependence 
on <p,V>. We define using the notations of (1.81), (1-82) for the coefficients, 

D 2 V' m K(X 5 ,ip,0;r m ,g 2p )=: f dxdyD^ D 2 / (X 5 , tp, x, y; f* m )g 2p {xu ...x p , y u ■, V P ) (2.12) 

Jx'xX', 

where f xm = (/i,..,/ m ) and 

D%D 2 /K 2p (X s ,<p,x,y;f xm )=d Sl ....d Sm D 2 /K(X s ,v + s 1 f 1 ,^ (2.13) 
and the Sj are real parameters. 

Let d$^, ds-fj, be the forward and backward lattice derivative in the direction e M . Let the index set S be 
defined as after (2.1). We endow the linear space of C valued functions / as above with the norm 

\\f\\c^x 6) = sup (||/||^(^)||, U^/IU-W, \\d S „d s , v f\\ L ~ {Xs) ) (2.14) 
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and call the resulting normed space C 2 (X$). 

Let dg^j, G S, acting on 52 P ( X , y) denote the forward or backward lattice derivative with respect to Xj 

~~ (2.) ~ (21 

or yj in the direction e Mj . . We endow the linear space of C valued functions <?2 P (x, y) on (X$ ') p x ') p , 
antisymmetric in the Xj , and in the yj , with the norm 

||fl , 2 P || c .2(x? p ) = SU P (\\92 P \\ L oo (x 2p ) , \\d Stl _ l g 2 p\\ L oo ( x^) , \\ d 5, H d 5 ^ k g2p\\ L ^ (x 2p ) ) (2.15) 

l<j,k<2p 

and call the resulting normed space C 2 (X 2p ). The above norms always exist for lattice functions since X$ 
is a finite set. 

(2.12) then defines a C valued multilinear functional on C 2 (Xs) m x C 2 (X 2p ) whose norm is defined to be 
\\D 2 "- m K(X s ,tp,0)\\ = sup \D 2p ' m K(X s ,v,0-f* m ,g 2p )\ (2.16) 

Il92pll c 2 (x 2p ) <l 
Vl< j<m 

The space of C valued multilinear functionals defined in (2.12) which are bounded in the norm (2.16) is 
complete and thus a Banach space. 

Remarks: It is well known that the space of bounded C valued multilinear functionals on a normed space 
is complete ( even if the normed space is not). The completeness follows on using the completeness of the 
number field C by a standard argument. 

Let h = (Iif, hs) where fiF, Iib > are strictly positive real numbers. We define the following set of norms. 
The h norm is defined by 

°° " l " h 2p h m 

\\K{X s , V MW = Y,Y,T^^\\ D2p ' mK ^ X ^)\\ ( 2 - 17 ) 

p=0 m=0 

In addition we define a kernel norm with h* = (hp,hB*) 

°° m " h 2p h m 

\K(X s )\ h . = EE 7JW^fll^ 2p ' m W' '°)ll ( 2 - 18 ) 
h, h* will be chosen later in Section 5. We now define the h, G K norm by 

llATOIkc = sup WKiXs^MWG-^Xs^) (2.19) 

X 5 

Let A(Xs) be the large set regulator defined earlier. We then have our final set of norms 

\\K\\ h ,G K ,A,s = sup ]T \\(K(X s )\\ h , GK A(X s ) (2.20) 

A<5 X S DA S 

where Aj = Afl (<5Z) 3 and A is a unit cube in M 3 as defined earlier, and 

= sup ]T \K(X s )\ h ,A(X 5 ) (2.21) 

As X S DA S 

The index S in our final norms (2.20) and (2.21) indicate that the large set norm is being taken over 
polymers in (5Z) 3 . Under each of above norms we have Banach spaces. Moreover it is easy to verify that the 
multiplicative (Banach algebra) property holds for the polymer activities K(X$) under the h-norm (2.17), 
the kernel norm (2.18), and, for activities supported on disjoint polymers , under the h, G K norm. The 
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multiplicative property plays a very important role in the estimates in the rest of the paper. We therefore 
state it as Proposition 2.3 below and supply a proof. 

Proposition 2.3 : Let X$ t i, Xg^ denote two connected polymers. Let X$.i = X$^ or X$^ n Xs.2 = 0. 
Kj(X$j, <p,ip), j = 1,2 are polymer activities of degree 0. Define a new polymer activity 

K(X s ,i U X s , 2 , ip, ij>) = K x (X SA , ip, ip)K 2 (X s , 2 , ip, V) 

Then 

||K(X 4 ,i U X S ,2, <p, 0)|| h < \\Ki(X s ,i, <p, 0)|| h ||^ 2 (X 5;2 , ip, 0)|| h 
The same inequality holds for the norm. If X$ t i and X$ t 2 are disjoint we have 

||K(X 5;1 UX 5;2 )|| h>Gre < ||Jfi(X 4i i)|| hiG J|if 2 (Xa i2 )|| hi G B 

Proof 

Let fj, j = 1, ...,m be functions on Xj ^ Ulj 2 and g 2 p(x, y) = g2p{xi, ..,x p ,yi, ..y p ) be a function on 
(X^ UXj 2 2 ) )P x {Xf^xf^y = (xf^UXf^yP. g 2p is antisymmetric in the xj and in the y r By definition 

\\D^ m K(X Stl iJXs,2^M\= sup ID^K^U^^.O;/^,^)! 

I|92 P II c 2((x 5i1 UX 5i2 )2P)< 1 

where f xm = (/i, / m ), / xM = {/i}i£M and M C {1, 2, , to}. We extend the coefficients of 

Kj(Xg t j,ip,ip), j = 1,2 to X^i U W5,2 by declaring that they have support in -X^j. Now Z?p P is a partial 
(anti) derivation of order 2p. D^ 1 a derivation of order to. Distributing D 2 p and Z?g m on the product of 
polymer activities gives 



D%D 2 F p K(X s , 1 UX s ,2,v,x 1 ,..,x p ,y 1 ,..,y p y,f xm )= EE E E 

Pl+P2=P mi+TO2=m M 1 UM 2 = {l,...,m} I , J C { 1, ■ ■ • ,p} 

M 1 nM 2 = 8 |/| = |J|=pi 

|M 1 | = mi,|M 2 |=m 2 

])J 1 J^if 1 (^ 1 ,p 1 x /) y J ;/ xMl )])J'^if 2 (^,p 1 x /e) y Je ;f J ' J )x 

S2 P (xj,xjc,yj,yjc) x (-1)" (2.22) 

where (— 1)" is a sign factor which plays no role in the norm bounds to follow, I c , J c are repectively the com- 
plements of /, J in { 1, .. ., p}. We have \I C \ = \J C \ — P2- We now integrate this with respect to x\ , . ., x p , y\ , ..y p 
in (Xs,i U Xs^Y x U X ( 5 i2 ) p - Because of the support properties of the coefficients the integral splits 

over the products on the right hand side. We get 

£> 2 ^K(X 5;1 UX 5;2 ,^,0;/ xro , 52p )= EE E E 

Pl+P2=P m 1 +m 2 =m M 1 uM 2 = {l,...,m} /,Jc{i,-,p} 

JV/ 1 nM 2 =0 |J| = |J|=P! 

|Ml| = mi,|M 2 |=m 2 

/ dx,d yj / d Xlc dyj.D^Dl Pl K 1 (X s . 1 ^, Xl ,yj ] r M ^D^Dl P2 K2(Xs,2,^^,yj^f xM2 )x 

S2p(xj,xjc,yj,yjc) x (-1)« (2.23) 

where X^. 3 ' = x Jff 3 ,. Define 

0>J *J »J 
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<?2 Pl (x/,yj) = / d-x I cdy J cDg 2 D 2 / 2 K 2 (X Si2 ,ip,x I c,yjc;f xM2 )g 2p (^ I ,x I c,yj,y J c) 

J x%? (2.24) 

= I?P»' n °K 2 {X s , 2 ,<p,0;g 2p {x I ,;yj,-),f* M ') 

where the dependence of g 2pi (xj, yj) on K 2 ,Xs. 2 ,p 2 , f xM2 has been suppressed. Note that <? 2pi (x/,yj) is 
antisymmetric in the {xi : i £ 1} and in the {yj : j £ J} and therefore qualifies as a test function. 
From (2.22) and (2.24) wc have 



Therefore 



D 2 P> m K(X s , 1 uX s , 2 ,v,0;f xm ,g 2p )= EE E E 

P1+P2— V m\-\-m-2=m MiuM 2 ={i,...,m} j,jc{i,...,p} 

M 1 nAf 2 =0 Ul = l J|=pi 
[Mi | = mi,|M 2 |=m 2 

jj^ij^^O;/^^) x (-1)« (2.25) 

|^ ro K(X 5;1 UX 5;2 ,^0;/ xro )52p )|< EE E E 

P1+P2— P mi +7712 =m MlUM 2 ={l,...,m} 7, JC{1, • ■ • ,p} 

M 1 nM 2 =® \i\ = \j\= Pi 

\M 1 \=m 1 ,\M 2 | = m 2 



||£,2 Pl , miJifi(Xii4 ^ 0) || TJ ||/ 4 || c2(XM) ||g 2pi || c2(Xi2p/) (2.26) 

From (2.24) we have for < k < 2 

a« fc 52 Pl (x 7 ,yj) - D^^K^Xs^cp^dlg^!,-^,-),/*^) 
where dj- is the lattice partial derivative of degree k with respect to x/ , y j in multi-index notation. Whence 

|0W(*/,yj)l < ||^ 2 ' m2 K 2 (x 5;2) ^o)|| n 

\\fj\\c 2 (x St2 )\\dsg P {xi, -,yj, -)llc2(x 2p2 ) 

and therefore 



ic^(xf 2 2 ) 



1 1 fj 1 1 c 2 (Xj, 2 ) 1 1 92 P 1 1 c2 (x 2p 2 x x 2 Pl } (2.27) 

jeM 2 

Now X 2 ^ 2 x Xfy 1 C {X 5i2 U X^i) 2 ? where p = Pl +p 2 . Therefore from (2.26) and (2.27) we get 



\\D^ m K(X Stl UX s , 2 )\\< E E E E 

Pl+P2=P m 1 +m 2 =m M 1 uM ! ={l,...,m( i,JC{l,. 

M 1 nM 2 =0 |J| = |.;| = 

Ml l = rr>i ,|M 2 | = m 2 

IID^^^^.^^O)!! ||£> 2 f 2 ' ro2 ^ 2 (X 2;5 ,^,0)|| 



Now 



_^ m! (p!) 2 

rr, 

M 1 UM 2 ={l,..,,m} /,JC{1,-,P} 
M 1 nM 2 =0 |7| = |J|= P1 

l M l \=™l>\ M 2\= m 2 



E E 



mi!m 2 ! (pi!) 2 (p2!) 2 



Therefore 
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II^-k^UX^O)^ £ E faffLa \\D 2p ^Ki(Xi,s, V, 0)|| x 

Pl+P2=P mi+m 2 =m 

p2™tf 2 (X 2 , 5 ,^,0)|| (22g) 

Multiply both sides of the previous inequality by h^/ml and h 2 p /(p\) 2 . Sum over integers m, < m < m , 
and over all integers p > to obtain 

||K(X 5il UX 5i2 ,^0)|| h < \\K 1 (X s>u <p,0)\\ h \\K 2 {X s ,2,<p,0)h 

This proves the first inequality of Proposition 2.3. The second inequality follows from the first because for 
union of disjoint sets 

G K (X S U Y S , <p) = G K (X S , <p)G K (Y s ,tp) 



3. THE RG MAP 

In this section we describe the RG map applied to the generic density in the polymer representation given 
in (1.80). This is a lattice transcription of the continuum RG map described in [BMS], ( see also [M]). This 
goes in several steps. First we must perform the fluctuation integration and rescaling (see (1-68)) 

Z'(L- x h L -i S , <p) = S Lf i r * Z(A S , $) (3.1) 

where As C {SZ) 3 is the volume arrived at after a certain number of previous RG steps and T is the fluctuation 
covariance for the next step. T is one of the covariances T n of Theorem 1.1 and has the finite range property 
stated in that theorem. Thus after n RG steps (see (1.64)-(1.69)) 5 = 5 n , T = T n , As = Aat_„ ; „ and 

L l A L -is = Ajv-n-l,n+l- 

The polymer representation (1.80) for Z(A$) is parametrized by the coordinates (V, K) on the scale S where 
V is a local functional (potential): 

V(Xs)= ]T V(As) (3.2) 

Let V(Xs,$) be an arbitrary local supersymmetric functional with V(Xs,0) — 0. We will see that the 
polymer representation is preserved under the RG transformation (3.1) with new coordinates Vl, F{K) on 
the next scale L~ 1 S. T depends on V. The finite range property of T leads to a simple description of this 
map : 

V — » Vl, Vb(A L -i 4 ,*) = (S L V)(A L -i s ,<f>) = V(LA 5 ,S L <P) 

K — > T{K) : F(K)(X L -i S ,$) = j dn r (Z)BK{LX s ,S,S L *) (3.3) 

where BK is a V dependent nonlinear functional of K to be presently described. We call this map the 
fluctuation map. 

We can take advantage of the arbitrariness of the local potential V in the above map so as to remove the 
expanding ( relevant) parts F in the polymer activity T{K) and compensate by a change Vl(F) in the local 
potential Vl in such a way that the evolved density Z'(L~ 1 A L -i$) on the left hand side of (3.1) remains 
unchanged. This operation gives rise to the extraction map, [BDH-est] 
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V L -> V'{F) =V L - V L {F), T{K) - A" = £(T(K), F) (3.4) 

where the image is on the same scale L~ 1 6. V 1 (F) and the nonlinear map £ have simple expressions which 
are lattice transcriptions of those given in [BDH-est]. The composition of the fluctation map (3.3) and the 
extraction map (3.4) gives the RG map 

/: f(V,K) = (f v (V,K),f K (V,K)) 

where 

fv ■ V -> V L - V'(F) 

Jk K —f T{K) —fK'= £{T{K), F) (3.5) 

The operation of extraction leads in particular to a discrete flow of the coupling constants in V on scale 
L~ 1 S provided we choose F,Vl(F) appropriately. The expanding functional will be gathered in the local 
potential V'(F) whereas the polymer activity £{T{K),F) will be a contracting (irrelevant) error term. 

3.1 The Fluctuation Map 

We now construct the map (3.3) starting from (3.1) with the density in the polymer representation (1.80). 
In performing the fluctuation integration 

»r*Z(Ag,<S>) = f*r(6E^" nXr ' $+f) E n*(*W>* + (3-6) 

J N ' X 5 ,i,..,X s , N j=l 

we will exploit the independence of £(x) and £(?/) when \x — y\ > L. To this end we construct an L-paving of 
As and the L-closure of Xg^ of a connected 1-polymer Xg as in the paragraph preceding Lemma 2.1. The 
1-polymers will be combined into larger connected L— polymers which by definition are connected unions of 
L-blocks, ( for the relevant definitions intervening here and in the following see the paragraph on L-polymers 
and L-closures before Lemma 2.1). The combination is performed in such a way that the new polymers are 
associated to independent functionals of £. This is the lattice adaptation of Section 3.1 of [BMS]. 

Define the polymer activity P, supported on unit blocks, by: 

P(A 5 , £, $) - e -v(± s ,t+*) _ e -v(A 4 ,*) (3 7) 

with V , to be chosen. V(A{, $) is required to satisfy V(Aj, 0) = 0. In the following V, K has field argument 
£ + $ whereas V depends only on $ . The dependence of Pon (,$ is as defined above. 
Xg = Ag\ UjL^sj is a union of disjoint 1-blocks Ag. Therefore 

e -V{X t ) = TT [e -V(A 4 ) + p (A)] 

Expand the product and insert the expansion into the integrand of in (3.6) which gives 

integrand = £ ^E^ (A ,/^ o) lC ( 3 ' 8 ) 

where X Sfi = Ag \ {UX S j) U (UA Sjl ). Let Yg be the i-closure of {UX S j) U (UA 5i< ) and let Yg A , . . . ,Y S<P 
be the connected components of Yg. These are L— polymers. Let / be the function that maps tt := 
(Xgj), (Agj) into {3^,1, . . . ,Yg t p}. Now we perform the sum over (Xgj), (Ag^) in (3.8) by summing over 
7r e • • • , Y S>P }) and then {Y s> i, Yg, P }. The result is: 
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integrand = £ ^E^/^^^Il^^^) ( 3 ' 9 ) 
where the sum is over strictly disjoint connected L polymers and 

{bk ^= e ^E (Xfi)l( ^^ } ^ (x '- o) nr =1 ^«)n>(^o (3-io) 

N+M>1 

where Xs.o = Y\ (UX$j)U (UA^,) and the — » is the map /. In other words the sum in (3.10) is over distinct 
A^j and disjoint 1-polymers Xg,j such that their L-closure is the connected L-polymer Y$. 
We now perform the fluctuation integration of (3.9) over £ followed by rescaling. Since V(Y S C ) is independent 
of £ the £ integration factors through and acts on the product of polymer activities \\.{BK){Yg^). A 

polymer activity (BK)(Ygj) belongs to Q (y£j). The Ygj are strictly disjoint connected L-polymers and 

thus necessarily separated from each other by a distance > L. The 2-collar attached L-polymers Q°(Ygj) 
are therefore separated from each other by a distance > L — 4. The fluctuation covariance T has finite range 
L/2 and for L sufficiently large L — 4 > L/2. Therefore the fluctuation integration over the product of 
polymer activities factorizes. We now follow this up by applying the rescaling operator to both sides. This 
has the effect of bringing us back to l-polymers but on the scale L~ 1 6. Therefore we obtain 



(S^ZXL-^-^^^-LV e -^ x l-^l[ N [ dMOBK(LX Sj ,S L <S>,0 (3.11) 

where X L -i S j = Xjr\(L~ 1 5Z) 3 ( as well as Xgj = Xjr\(SZ) 3 ) are disjoint l-polymers, A£_ 1(5 = L _1 A £ -i,5\ 
UjX L -i Stj . and V L (A L -i g ) = S L V(LA S ). This gives the fluctuation map (3.3) : V -» V L , K -» T{K) with 
BK defined as above. At the same time we have shown that the polymer representation is stable with respect 
to the RG transformation. 
Consider 

F(K)(X L -i S ,*) = J dnr{OBK(LX s ,Z,S L *) 

By construction BK is supersymmetric. Therefore since the supersymmetry operator commutes with the 
measure F{K) is also supersymmetric. Now since P(As,t;,0) and K(Xg,£) vanish for £ = ( the latter by 
hypothesis, see (1.83)) it follows that BK(LXg, £, 0) also vanishes for £ = 0. Therefore by Lemma 1.1 

F(K){X L - H , 0) = J dnr(0BK{LX s , £, 0) = BK(LX S , 0, 0) = (3.12) 

Thus the condition (1.83) is satisfied by the new polymer activities. This implies in particular that no field 
independent relevant parts are generated by the fluctuation integration as a consequence of supersymmetry. 

3.2 Extraction 

Let 5' = L~ 1 5 and let A' = L~ 1 As>. The fluctuation map gave us Vl, F{K) as the coordinates of the evolved 
density Z(A'). We want to change the local potential Vl and the polymer activity F{K) simultaneously 
such that Z(A') remains invariant. To this end let P($(x)) be a local polynomial, which means that it is a 
polynomial in <i>(x) for x E A'. Furthcmore we require that P(0) — 0, i.e. P has no field independent part. 
Given Agi a unit block in A' wc consider a change in Vl(As') of the form 

V L (F)(A 5 ,) =J2 [ dx ap{x)P{$>{x)) (3.13) 

p J &5> 
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where the sum ranges over finitely many local polynomials and, for each such P, ap(x) has the form 



ap(x) = otp{X 5 ',x) (3.14) 

X 5 ,Dx 

such that ap(Xs' 7 x) = if x ^ Xgi, ap(Xs> 7 x) = if Xgi <£ A' and ap(Xs>,x) — if X$> is not a small set 
(see definition after (2.8)). The corresponding change in T(K) is given in terms of the relevant parts 



F(X 5 >,$)=J2 [ dxap(X s >,x)P($(x)), F(X s >,As>) f dx a P (X s >,x)P(* 



(x)) (3.15) 



Note that F(X s ,,0) = 0. 
Extraction Map: 

Theorem 3.1 ( after Brydges,Dimock and Hurd, [BDH-est]) : Given F, Vl(F) as above there exists a polymer 
activity which is a non-linear functional £(F(K), F) of ^F(K), F such that 

V L -» V'(F) =V L - V L (F), T{K) - A 7 = £{T(K), F) (3.16) 

preserves the polymer representation for the density Z(A') with new coordinates coordinates (V, K') sat- 
isfing V'(F)(As',0) = K'(Xs>,0) = 0. Let E\ denote the linearization of £. Then the linearization of the 
extraction map is given by 

£ 1 (T(K),F)=F(K)-Fe- VL , V (F) = V L - V L (F) (3.17) 
We say that Vl is stable with respect to perturbation F if there are positive numbers f(X) such that 

,,-VL(A,,)-'Z z(X)F(X t ,A t 



h,G, 



< 2 (3.18) 



for all complex numbers z(Xs>) with \z(Xs<)\f(Xs>) < 2. Assume that Vl is stable. Then £{T{K),F) is 
norm analytic and satisfies the bounds 

\\£(F(K), F)\\ h ,G K , A , s , < 0(l)(\\F(K)\\ h , GK , Al , s , + ll/IU,*') (3-19) 



\£(f(K),F)\ hiAtS , < 0(l)(\\F(K)\\ h , Alt5 , + \\f\U, s >) (3.20) 

Proof : This is a restatement of Theorem 5 in Sec. 4.2 of [BDH-est] with the substitution (Vl, F{K)) for 
(V, K), adapted to the lattice. The proof of Theorem 5 exploited Lemmas 10, 11, 12, 13 the last of them 
providing the extraction formula in equation (121), page 781 of [BDH-est]. In [BDH-est] the continuum 
unit blocks are open. Our lattice unit blocks are lattice restrictions of continuum open unit cubes. Overlap 
connectedness is replaced by connectedness. With this in mind the proofs of Lemmas 10, 11, 12, 13 go 
through intact on the lattice providing the extraction map above. The estimates in Theorem 5 on the norms 
of £ (K, F) together with norm analyticity remain valid on the lattice. ■. 

Remark : The stability property (3.18) is proved in Section 5 once we have chosen V appropriately. The 
estimate (3.19) on the extraction operator £ plays an essential role and is exploited in Section 5. 

Formal infinite volume limit: We reestablish the notations leading to (1.69). Choose 5 = S n , T = T n , 
5' = L~ l 5 = 5 n+ i. k$ = A^v-n,™, A^' = Ajv-n-i,r»+i and T = T n +\ in (3.3). The RG transfor- 
mation Tjv-n-i.n+i 01 (1-69) induces the RG map /jv- ra -i,n+i(V, K) of (3.5) for the coordinates of the 
density Z„_i(Ajv_ n! „) in the polymer representation. ap(Xg n+1 ,x) in (3.14) is chosen later in Section 
4. This choice will be local, in the sense that it is determined by Vl(A^ +1 ), As n+1 C Xs n+1 and by 



9/settemf>re/2008 [25] 



3:25 



T n +i(K)(X$ n+1 ). Lemma 13 and equation (112) of [BDH-est] imply that £(!F n +i(K), F))(Xg n+1 ) also is 
local: it is determined by T n+ i{K){Yg n+1 ), Yg n+1 C Xg n+1 and Vz,(A,5 n+1 ), A Sn+1 C Xg n+1 , where X Sn+1 
is a neighbourhood of Xg n+1 , namely the union of Xg n+1 with all small sets that intersect Xg n . There- 
fore the K component of the map /jv- n -i,n+i representing the action of the n + 1th step of RG, namely 
fN-n-i.n+i,K (K, V)(Xg n+1 , $) is independent of N for all N large enough so that Ajv- n -i,n+i contains 
Xg n+1 . Thus lim^v^oo f n -n-i,n+i,K{K , V)(Xg n+1 , $) exists pointwise in Xg n+1 . In this paper we are study- 
ing the action of this pointwise infinite volume limit called the formal infinite volume limit. 

3.3 Appendix: 

We record here some definitions which have either already been used or will be used later. The object is to 
be able to move scaling past fluctuation integration. 

We define for x,y e (L~ 1 5I<) 3 and any covariance u on (<5Z) 3 

u L (x -y) = S L -iu(x -y) = L 2d °u(L(x - y)) (3.21) 

Since the fluctuation covariance Y defined on (5Z) 3 has finite range L/2 we have that Yl defined on (L _1 5Z) 3 
has finite range 1/2. We recall from section 1.3 that a polymer Xg is defined by Xg = X n (<5Z) 3 where X 
is a continuum polymer. We define the rescaling of polymer activities by 

S L K(X L - 1S , <f) - K L (X L - 16 , $) = K(LXg, S L $) (3.22) 
We write the fluctuation integration of the polymer activity K(Xg, $, ^) with respect to as 

K*(X S ,*)= JdnriOKiXs,*,® (3.23) 

We write the fluctuation integration of the polymer activity K(X L -ig, $, £) with respect to fir L as 

K\X L - H , $) = J dn TL (OK(X L - ls , $, (3.24) 

We define 

S L = S L B (3.25) 



With these notations it is easy to see that the fluctuation map can be written as 

F(K){X L -i S ,*) - (BK)t(LX 5 ,S L $) = (S L K)\X L - ls ,<t>) (3.26) 



4. THE RENORMALIZATION GROUP MAP APPLIED 

In this section we specify the RG map of Section 3 by making choices for the local potential V, and relevant 
parts F. V is chosen via first order perturbation theory. F is chosen so as to remove the expanding part of 
the fluctuation map. This is the extraction step. This will be done in second order perturbation theory as 
well as in the error term. We will follow closely the strategy in Section 4 of [BMS]. We will use the notations 
established in the Appendix to section 3.3, (3.21)-(3.26). We take S — S n , Y — Y n . Recall that, see (1.57), 
a = where we take < e < 1. The field scaling dimension is d s = 3 -^ £ , see (1.58), (1.59). 

We assume that starting from the unit lattice where only the local potential (1.31) is present n steps of the 
renormalization group map has been carried out. This produces a new local potential 
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V n (A Sn ,$) = V(A Sn ,$,C n ,g n ,n n )=g n [ dx : ($l>) 2 (x) : c „ +p n / dx($$)(x) (4.1) 

together with a polymer activity _ftT n supported on connected polymers in ((5„Z) 3 . Note that (<i>$)(x) =: 
: c „ (x) : by virtue of (1.27). We write K n in the form 



K n = Q n e- V " + R n (4.2) 

where Q n is a polymer activity which is given by second order perturbation theory in g assuming that p is 
0(g 2 ). Q n is specified below. R n is the remainder which is formally of 0(g 3 ). Q n ,R n vanish when $ = 
by hypothesis. The RG map will preserve this property. 

In order to carry through the next step of the RG map as described in Section 3 we must also specify 
V(A 5n ,<f>). We define 



V n (A Sn ,*) = V(A Sn ,$,C n+ltL -i,g n ,ti n )=g n f dx : (<S>$) 2 (x) : c +fi n f d 3 x{$$)(x) (4.3) 

where we have used the notation C n+l i -i = 5j,C„ + i. Here and in what follows we adopt the notations 
introduced in the Appendix of Section 3.3. Thus jj denotes fluctuation integration with respect to the measure 
dfir„(£) and t] denotes fluctuation integration with respect to the measure dfir n L (£)> with Tn.L = Si,-iT n . 
We recall (see section 3.1) that when we perform the fluctuation integration the fluctuation field £ enters V 
through V(As n , $ + £) but V will remain independent of £. 

We now define Q n : Q n is supported on connected polymers Xg n such that \Xg n \ < 2. We assume it can be 
written in the form 

3 

Q n (X Sn ,^) = Q(X Sn ,^C n ,w n ,g n ) = glY,Q ij,i \^ n ,^,C n ,w n 4 -^) (4.4) 

where w„ = (wn \ w n 2 \ uin ^ ) is a triple of integral kernels to be obtained inductively and 

( A Sn x A Sn if X Sn = A Sn 

X Sn = < (A tfn ,i x A 4bi2 ) U (A 4 „, 2 x A 4b ,i) if X 5n = A Sn . 1 U A tfn>2 (4.5) 
1 otherwise 



Q^(X Sn ,^;C n ,w^) = -2 / dxdy($(x) - <S>(y))(<S>(x) - *(y))w&(x - y) 

Q^ 2 \X Sn ^; C n ,w<V) = - f dxdy [: (*(*) - $(y))($(z) - *(»))(*(a:) + *(y))(*(a;) + %)) : Cn + 
+3 : [(**)(a:) - ($3>)(y)] 2 : C „] «4 2) (* - y) 

(4.6) 

Note that in the expression for Q^ 1,1 -* is equal to its C n Wick ordered form because of (1-27). 

Next we define the second order approximation to the RG map. Let p n be the activity supported on unit 

blocks defined by 

Pn {A 5n ,£,$) = V n {A 5n ,£ + *) - V n (A 5n , $) = p n , g + Pn ^ (4.7) 

where 

Pn, g = 9 f dx(: (CO 2 :r„ (x) + 2^[$ Q (x) : :r B (x)+ : :r n (*)*„(*)] + 
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+2]T[^) : $ Q (<&$) (x)+ : (*)£,(*)]) 

Pn ^ = f i[ dz ((£*)(*) + + («)(*)) (4-8) 

In (4.8) we have used a component notation. Thus $1 = <p, <I>2 = "0. Similarly for the fluctuation field 
£, £i = £, £2 = V- C 1S bosonic (degree 0)and n fermionic (degree 1). In deriving (4.8) from (4.7) have 
used C„ = T„ + C n+ i t L-i ( see (1.50)), the independence of <&, £ in the sense that their components are 
independent and distributed with covariances C n+l i -i, T n respectively. The unordered objects in (4.8) are 
equal to their Wick ordered form. 

We will effectuate the RG map of Section 3 following closely the strategy in [BMS]. Namely, we insert a 
complex parameter A into our previous definitions in such a way that (i) at A = 1 our A dependent objects 
correspond with the previous definitions, (ii) The expansion through order A 2 is second order perturbation 
theory in g n counting /i„ = 0(g 2 l ). (iii) Powers of A are determined so as to correspond with leading powers 
of g n buried inside polymer activities, (iv) All functions will turn out to be norm analytic in A and this will 
enable us in section 5 to profit from Cauchy estimates. 
We define 

P„(A) - e~ V » ( - Xp n , g - X 2 Pn ^ + \\ 2 vl, g ) + A 3 r lM (4.9) 
where r n ,i is defined by the condition P n (X = 1) = P n = e~ Vn — e~ Vn . Similarly, we define 

K n {\) = X 2 e-^Q n + A 3 ([e- V " - e~ V "]Q n + R n ) (4.10) 
which, for A = 1 coincides with K n = e~ Vn Q n + R n . Corresponding to (3.10) we define 

B(X,K n )(Y Sn )= £ ^£ e-^^^n^^^^^JJ-p^^A^^ 

JV+M>1 

(4.11) 

where Xs n .o = Ys n \ {UXs n j) U (UAj n ,,). Let <S(A, K n ) = SLB(X 7 K n ), where Sl is the rescaling defined in 
the last section. 

The RG map ( see section 3) for K n with parameter A is K n f n +i,K (A, K n ) = £(S(X, K n )\ F n (X)), where 
the superscript \ denotes integration over the fluctuation field £ = (£, rf) with the measure cfyir„ L and T n x 
is the rescaled covariance S^-iTn as in the Appendix to Section 3. The relevant part F n (X)) is defined on 
polymers in (5„+iZ) 3 and will be written as 

F n (X) = X 2 F Qn + X 3 F Rri (4.12) 

and F n (X) — F n , when A = 1. 

Perturbative contribution to f n +i- 
Given a function /(A) let 

Txf = /(0) + /'(0) + ±/"(0) (4.13) 

be the Taylor expansion to second order evaluated at A = 1. Then the second order approximation to the 
RG map is = (f^ K , f^ v ) with 
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K) - T x £(S(X,K n )\F n (X)) = E 1 (T x S(\,K n )\F Qn ), f { n fl v (K n ,V n ) = vg? (4.14) 

where 

V^f = V n , L -V n , L {F Qn ) 

Note also that only the linearized E\ intervenes, because it will turn out that the nonlinear part of extraction 
generates terms only at order A 3 or higher. 

Proposition 4-1: There is a choice of Fq such that the form of Q remains invariant under the RG evolution 
at second order. In more detail, f^^(V n , Q n e~ Vn ) — Q^yl e~^ n,L ) where the parameters in 

V n+l\^S„ +1 ) = V"(Ai n+1 ,C n+ l,fl£ +1)( < 2) ,^ +1)( < 2 )) 

evolved according to 

9n+i,{<2) = L e 9n{l - L e a n g n ) A i ' l+ i,(<2) = L ^ ^ - L 2e b n gl (4.15) 

The parameters in = Q(C n+ i, w n+ i, g n ,L,), where g n ^L = L e g n , evolved according to 

w n+1 = v n+1 + w„, L v^ 1 =r n , L «W = (C n , L )" - (C n+1 f p = 2,3 (4.16) 
The constants a n ,b n are given by 

a n = ^[ dyv ( X{y), b n = 2 [ dyv^y) (4.17) 

Proof: We define a polymer activity Q n ,L supported on connected polymers Xg n+1 with |-Xs n+1 | < 2 as 
follows: if |X^ n+1 | = 1, say X$ n+1 = Aj n+1 , then 

Qn,L(A 4B+1 ,&$) = i(p„, L (A 5 „ +1 ,^$)) 2 

If \X Sn+1 \ = 2 then 

Qn,L{X Sn+1 ,£,,$) = ^ Pn,L,g( A n+l,l,t,$)Pn,L,g( A n+l,2,t,<S>) (4.18) 

A n+l,l' A n+l,2 
A„ +lil uA„ +li2 =X^ +1 

where p„,L, s is defined by replacing in (4.7) and (4.8) (g n ,fi n ,T n , C n+1)i -i) by (5 C n+ i) with 

g n ,L = and fj, niL = [i n . 

It is easy to check that 

T A 5(X„,A) = - Pn>Le -^- L + {e-^ L Q n , L + e-^- L Q niL ) (4.19) 

where 

Qn,L( X S n+1 , £ + *) = Q(*5„ +1 , e + *, c„, L j w n,Lo <?n,L ) 
Using C n< L = ^n,L + C„ + i and remembering that V depends only on $ we get 

(e-^- L Qnxf = e-v».LQ(X Sn+1 , $, C n+1 , w n , L , ffn , L ) 
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Therefore 

T x S(K n , A)* (X Sn+1 , $) = e"^ (g(X 5n+1 , $, £?„+!, w», L , 5„,l) + Qn(*6„ +1 , #, V n+ 1, Cn+i, ffn ,i)) (4.20) 
where Q n = £ is given after a straightforward but lengthy computation by 

3 

Q n (X Sn+1 ,<f>,C n+1 ,v n+1 ,g n , L ) = gl^Q^HXg^^Cn+uv^) (4.21) 

j=i 

where 

QW(X Sn+1 ,$;C n+1 ,u)=2 f dxdy[${x)$>{y) + §(y)${x)}u{x-y) 

Q( 2 ' 2 )(X 5n+1 ,$;C n+1 ,«) = / efedy {: [<J>(x)i>(y) + $(j/)#(x)] 2 : Cn+1 

• 7 ^„+i 1 (4.22) 

+ 4 : ($(a;)$(a:))($(j/)$(y)) : c „ +1 }w(a; - y) 
Q( 3 ' 3 )(X 5n+1 ,$;C n+1 ,«) =4 / dxdy : $(x)$(x)$(x)$(y)$(y)i>(y) : Cn+1 u(a: - y) 

Define 

) — Q(C n+ i, 

) (4-23) 

evaluated on X,5 n+1 , $. 

Then we have from (4.20) and (4.23) 

S^TxS&KJ^Fr?) =T x S(\,K n )* - F Qn e~^ = e -^Q(C n+1 ,w n+1 ,g n , L ) (4.24) 

which shows that Q is stable under RG evolution and verifies (4.16). It remains to show that the chosen 
perturbative relevant part FQ n given by (4.23) is of the form (3.15) and thus suitable for extraction. 
To compute the difference in (4.23) we will make use of the following localization formulae 

$(x)${y) + $(y)$(a;) = *(x)&(x) + - (*(*) - $(y))($(a;) - *(y)) (4.25) 

(*(a:)$(y) + $(y)Hx)) 2 + 4($(a;)*(a;))(*(y)*(y)) - 4[($$) 2 (x) + ($$) 2 (y)]- 

-(*(*) - $(y))($(aO - %))($(z) + *(y))(*(aO + *(»)) - 3[($$)(a:) - ($3>)(y)] 2 (4.26) 
that are immediate to check. We get 
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F Q jX Sn+1 )=2gl L dxdy\(^)(x) + ^)(y)U 3 Hx-y) + 4gl L dxdy[. ($#) 2 : Cn+1 (x)+ 



A',> 



: ($$) 2 : c „ +1 (y) v^(x-y) 



(4.27) 



Note that due to supersymmetry there is no field independent part in Fq^. We can write FQ n (Xs n+1 ) as: 

(4.28) 



where 



and 



with 



F Qn (Xs n+1 )= E F Qn(X Sn+1 ,A 5n+1 ) 



F Q „ (X Sn+1 , A 5 „ +1 ) = 4gl iL F& (X Sn+1 , A Sn+1 ) + 2& tL F™ (X Sn+1 , A Sn+1 ) 



2 p(l)/ 



f (m) , 



F^(X 5n+1 ,A 5n+1 ) = [ dx: (**r(x) : Cn+1 f^'(x,X 5n+1 , A 5n+1 ) 



(4.29) 



(4.30) 



fj£\x,X Sn+1 ,A Sn+1 ) 



J dyv^'Hx-y) X Sn+1 =A Sn+1 

J A , dyv( m "> (x - y) X 5n+1 = A 5n+1 U A^ , connected 



(4.31) 



and m! = 4 — m. 



V(F Qn ,A Sn+1 )= ]T F Qn (X Sn+1 ,A Sn+1 ) = 4gl L E F^(X 5n+1 , A 5n+1 )+ 



+2<l E ^;(^ +1 ,A 5n+1 ) 



(4.32) 



In the following we will use the fact that the v^l^x — y), 1 < j < 3 vanish for |x — y| > 1. This follows from 



where we have used (3.13), (3.14) and (3.15) for the first equality. 

V n+l 

the fact that T rh L(x — y) appears as a factor in the expression (4.16) for v^ +i (x — y) and T n> L has range 1 
Returning to (4.32) we have 



E F^(X Sn+1 ,A Sn+1 ) 



dx : {^) m (x) : Cn 



dyv ( ^ll{x-y)+ 



+ 



E / d v v( ™+h x -y) 

— J A' 



(A^^^^ ) connected 



On the r.h.s. use v^+i ( x — v) = f° r \ x ~ v\ ^ 1/2 to extend the sum on A^ +i to all the A^ +i ^ Ag n+1 . 
We then get 

E F^\x Sn+1 ,A Sn+1 ) = I dx: ($$)"•(*) : Cn+1 [ dyv^'\x y) 
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Hence from (4.32) and above we get 

V(F Qn ,A Sn+1 ) = a n gl L [ dx : ($$) 2 (x) : Cn+1 +b n & <L f dx(*$){x) (4.33) 

jA K+i Ja ^+i 

where 

a n =±l dyv^ +x {y) 6 = 2/ ^^(y) (4.34) 

m 

Remark : a n and bjy are well defined since the v 3 n+1 have compact support. They are positive and their 
properties are discussed in Lemma 5.12 of Section 5. 

The exact RG map f n+1 for K n = Q n e~ Vn + R n . 

K n ~K n+1 = f n+hK (\,K n ,V n )\ x=1 =£(S(\,K n )\F n (\))\ x=1 (4.35) 

induces an evolution of the remainder R n which is studied by Taylor series around A = with remainder 
written using the Cauchy formula: 

t l\ i\ fn+l,K W If d\ 

f n+ iMx = i) = g — — + ^ £ x^Ty f ^ K{x) 

(<2) 

The terms j = 0, 1, 2 are the second order part . In the j — 3 term there are no terms mixing R n 

with Q n ,P n because of the X 6 in front of R n . Therefore it splits g 3 , = R n +i,\ + R n +i,2 into the third 
order derivative at R n — 0, which we write using the Cauchy formula as 

R n+hl =R n+1 , mBiB = ^- j> ^£{s{X,Q n e- v -)\F Qn {X)^j (4.36) 

and terms linear in R n : 

Rn+1,2 = Rn+l, linear = (SlRn) — FR n e 

- Xr «n + l :L_1X i' n+1 =Z «n + l 

The remainder term in the Taylor expansion is 

Rn+13 = inl A4(A-l) g(5(A ' Kn) ^ Fn(X)) (438) 

In Proposition 4.1 the coupling constant in Q„+i is not the same as the coupling constant in V^T\ ■ 

Furthermore, the coupling constant in V^Zi will further change because of the contribution from Fr. To 
take this into account we introduce 

V n+ i(A Sn+1 ) = V(A{ n+1 ,C n+ i,5 n+ i,^ n+ i) 

g n+ i = L e g n (l - L E a n g n ) + £ n (u n ) (4.39) 
/j, n+ i = L^fi n - L 2e b n gl + p n (u n ) 
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where u n — (g n , fx n , R n ) and the remainders £ n (u n ), p n {u n ) anticipate the effects of a yet-to-be-specificd 
F Rn . Then we set 



R n +i.4 = e Vn+1 Q(C n+1 , w n+ i,5„ + i) - e Vn - L Q{C n+1 ,w n+1 ,g niL ) (4.40) 



and define 



Qn+i — Q(C n+ i,w n+ i,g n+ i) 

Rn+1 = Rn+1 ,main Rn-\-l, linear + Rn+1, 3 + Rn+1, 4 (4-41) 
Kn+1 = Qn+ie Vn+1 + 

With these definitions we have obtained the RG map 

fn+\,v{V n ,K n ) = K+l, fn+l,K(V n ,K n ) = K n+1 (4.42) 

Definition of F Rn 

To complete the RG step we must specify the relevant part F Rn from the remainder R n . The goal is to 
choose F Rn so that the map R n — ► Rn+i, linear will be contractive in the following sense. i?„ is measured in 
the norm (2.20), and the kernel norm (2.21), with S = 6 n , with a choice of h and h' (to be made in section 5). 
R n +i is measured in the same norms but on the lattice scale d n +i- We will say that the map is contractive 
if the size of R n +i. linear is less than the size of R n . 

Fr„ w iU have the form given in (3.15) with P a supersymmctric polynomial vanishing at <f> = 0. The 
coefficients ap will be identified via normalization conditions on the small set part of Rn+i, linear- This 
means that certain derivatives with respect to $ = (ip, tp) vanish when $ = 0. That the map in question is 
contractive when linear i s suitably normalized is proven in Section 5. 

For given coefficients a n ,p{X), we define 

F Rn {X Sn ,<S>) = Y,j dx an,p{X Sn )Pmx),dsMx)) (4-43) 

F Rn (X 5n , $) = : X 5 Js not a small set (4.44) 

P runs over the relevant monomials which in this model are P = ($$) 2 , $d Sn>tl &, d Sn ^$$, /ieS, with 
the corresponding coefficients ap(X$ n ) — a nt 2 ! o(Xs n ),a nt 4(Xs n ),a n 2i{Xs n ,[j 1 ),a nt 2,i{X$ n ,[j,). The index 
set S was defined in section 2.1 after (2.1). Note that P = 1 is not a relevant monomial in this model: R n 
vanishes when $ = vanishes by hypothesis. Then Rf l (Xs n ,^) vanishes when $ = by supersymmetry, 
(Lemma 1.1) so that no subtraction is necessary at $ = 0. 
Choose the coefficients a n ,p so that 

J n = Ri-F Rn e- V " (4.45) 

is normalized (details are given below). Note that J(Xs„,0) = 0. We define the relevant part, supported on 
small sets, by 

F Rn (Z Sn+1 ,*)= Yl FRn,L(L- 1 X Sn+1 ,^)= Yl FRn(Xs n ,S L $) (4.46) 

Jf 4n + 1 :emall sets X 5n : S mall sets 

F Rn is supported on small sets by construction. From the definition of R n +i, linear in (4.37) we get 
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i?n+l,lincar(^„ +1 ) = ]T e"^ ) J nL (L" 1 *^ ) + 

X -5„+l :Bma11 3ota 
t " 1 *« B+1 =Jf «» + l 

+ E e-^( z ^+ 1 \ L "^+ 1 )j„, i (L- 1 X (5 „ +1 ) (4.47) 



X <S„._|_1 :lar S° sctB 
L_1 ** B+1 =*«»+! 



Therefore the first sum in -Riinear is also normalized because normalization as defined below is preserved 
under multiplication by smooth functional of <E> and rescaling. 

Substitution of (4.43) in (4.46) shows that Fp n is of the form required in (3.15). We have 

F Rn (Z 5n+1 ,$) = J2f dx a nAZs n+1 ,x)P(<P(x),d Sn+ M^)) (4-48) 
p J z $ n +i 

where 

a n , P (Zs n+1 ,x)= Yl a nt p{X Sn )L-^ + H L -. X5n+i {x) (4.49) 

^S n j r i small set 

L ~ 1X K = Z f> 4-1 

Ofl+l "+ 1 

In (4.49) lx is the characteristic function of the set X. Note that Xg n+1 fixes X$ n by restriction by our 
construction of polymers in section 1.3. [P] is the dimension of the monomial P 1 (2kd s for (<5>$) fc and 2d s + 1 
for $% ?i+1 $). a n ,p(Zs n+17 x) is supported on small sets Zs n+1 and vanishes if x £ Z$ n+1 . 

We now compute Vf r following (3.13). Define 

a n ,p ■= a n,p( z S n+ i,x) (4.50) 

This is independent of x by translation invariance. In fact given an x it belongs uniquely to a block A$ n+1 , 
since our blocks which are restrictions of half open continuum cubes are always disjoint (see section 1.3). 
The sum over all polymers containing a block is independent of A,5 n+1 by translation invariance. 

From (4.49) and (4.50) we get 

a„, P = L-[ p ]+ 3 ]T a n ,p(X Sn ) (4.51) 

X$ n + 1 small sct-.L^ 1 Xs n+1 Dx 

a n ,p — for P — &ds n+1 <& or ds n+1 $$ by reflection invariance of polymer activities. 
Therefore 



V L (F Rn ,A 5n+1 ) = / dx\a nt2 . ^ + a nAfi (^) 2 \ 

= / dx\ p n (u n ) : : Cn+1 +£„(u n ) : (<M>) 2 : Cn+1 



(4.52) 



where u n = (g n ,fJ. n ,Rn) and 

Pn = Ctn, 2,0 + 2C Il+ i(0)a! rl! 4,o = «4,o (4.53) 

which are formulas for the error terms in (4.39). 
Normalization conditions 

By an abuse of notation let 1 denote the constant function in C 2 (Xg n ) equal to 1 . Similarly let l 2p denote 
the constant function in C 2 (X 2 ^) equal to 1. We will identify the C 2 (Xg n ) function f(x) = x u with x^. 
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Note that x^ is defined with respect to an origin which belongs to X§ n ■ Similarly we will identify C 2 (Xf^ ) 
functions g 2 (xi, x 2 ) — Xi itl , 52(^1, x 2 ) — x 2 ^ with xi itl , x 2 ^ respectively. 

Suppose the polymer activity J(Xs n , $) = J{Xs n , f, ip) is of degree 0, gauge invariant and supersymmetric. 
We have the following identities: 

£ 2 <°Jp^„,0,0;l 2 ) =£>°> 2 J(X 5n ,0,0,;l,l) (4.54) 



D 2 >°J(X Sn , 0, 0; x lllt ) = D°> 2 J(X Sn , 0, 0, ; Xfl , 1) 



D 2fi J(X Sn , 0, 0; x 2 ,„) = D°- 2 J(X Sn ,0, 0, ; 1, 



D 2 > 2 J(X Sn , 0, 0; 1, 1, l 2 ) = 2D°> i J(X Sn , 0, 0; 1, 1, 1, 1) 



(4.55) 
(4.56) 
(4.57) 



D 4 '°J(X 5n ,0,0;l 4 ) =0 (4.58) 

where the field derivatives are taken according to (2.12). The identities (4.54)-(4.57) follow by expand- 
ing J(Xs n ,&) in the fields, retaining a degree 4 supersymmetric polynomial in $ and d$ n <& which is all 
that enters into the computation. Then express it in the Grassmann representation (1.81). (4.58) is triv- 
ial. Because J is of degree the only term that survives for the computation of (4.58) is of the form 
J X 4 dx a(x\, x 2 , £3, X4)\l)(xi) , 4>{x 2 )ip{x3)'ip{x4) where the kernel a is antisymmetric in xi,xz and in x 2l x±. 

The integral vanishes if we replace the grassmann piece by l 4 . Derivatives on the grassmann fields annihilate 
l 4 . 

We say that a degree 0, gauge invariant, supersymmetric polymer activity J(Xs n7 $>) = J(Xs n7 <p,ip) with 
J(Xs n , 0) = is normalized if, for all small sets X$ n , 

D 2 ' J(X Sn , 0, 0; l 2 ) =D°' 2 J(X Sn , 0, 0, ; 1, 1) = 
D 2 '°J(X$ n , 0, 0; x 1>lt ) ~D 2 '°J(Xs n ,0,0; x 2 ^) - 

( 4 59 ) 

D°' 2 J(X Sn ,0,0;l,x u ) =£°< 2 J(X 5 „,0,0;x M ,l) = 
2D°' 4 J(X Sn , 0, 0; 1, 1, 1, 1) =B 2 - 2 J(X Sn , 0, 0; 1, 1, l 2 ) = 



Determining coefficients from (4-59) 

We will apply the normalization conditions to J = J n defined in (4.45). This will determine the dependence 
of the error terms £„, p n on R n . Lemma 5.17 will show that these terms are bounded by the kernel norm of 

Rn- 

In doing the following computations note that J n {Xs n7 0, 0) = as shown earlier. Moreover the odd deriva- 
tives D°'i J n (Xs n , 0; / x - 5 ), j=odd integer, vanish identically by gauge invariance. It is enough to take deriva- 
tives with respect to the bosonic fields ip because of the identities stated above, (4.54) et seq. Taking 
derivatives of (4.45) and remembering that F Rn (Xs n , 0) = 0, V n (Xg n , 0) — we get 



D - 2 J n (X Sn , 0, 0; /, /) = D°' 2 Rl(X 5n ,0, 0; /, /) - D^ 2 F Rn (X 6n ,0, 0; /, /) 
D°^J n (X Sn , 0, 0; /1, /i,/ 2 , f 2 ) = D°' 4 Rl(X Sn , 0, 0; A, A, / 2 , f 2 ) + D°< 4 F Rn (X Sn , 0, 0; /1, /i,/ 2 , f 2 )+ 

+ 4D°< 2 F Rn (X Sn , 0, 0; /, f)D ' 2 V n (X Sn , 0, 0; /, /) 

(4.60) 
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where the / are complex valued functions in C 2 (X$ n ) . A variation of ip along / implies that we vary ip along 
/. Note that from (4.43) 

D°' 2 F Rn (X 5n , 0, 0; 1, 1) = \X 5n |a„, 2l o(^« B ) 



dx x m 



D°' 2 F Rn (X 5n ,0,0;l,x^=\X 5n \a nt2ri (X 6n ,fi) + a n ^o(X 5n ) [ 
D 0,2 F Rn (Xg n ,0,0;x li , 1) = \X 5n \a na ,i{X 5n ,n) + a n ,2fl{X 5n ) / dxx^ 

J X 6n 

D°> 4 F Rn (X Sn ,0,0;l,l,l,l) = 4\X Sn \a nA (X Sn ) 
Now imposing successively the conditions (4.59) we get 

<2,o(^J = |^-|D 0,2 i4(^„,0,0;l,l) 

1 If 

a n ,2,l( x 5 n ,lJ-) = TTr-rD°- 2 Rl(X Sn , 0,0; - — — a 2 ,o(X Sn ) / dxx^ 

\ x sJ \X 5n \ J X/in 

<2,i(^5 n ,/x) = ^£' ' 2 J R« l (X 5n ,0,0;,^,l)-^< 2 ,o(X 5 J^ dxx^ (4-61) 

anAXsJ = ^— ^ (D^RiiXs^ 0, 0; 1, 1, 1, 1) 

+ £°' 2 K(A^ , 0, 0; 1, l)D°> 2 Rl(X Sn , 0, 0; 1, 1)) 

We remind the reader that RG transformations preserve the invariance of polymer activities under transla- 
tions, reflections, and rotations which leave the lattice invariant. 

5. ESTIMATES 

Let u n = (g n , fj, n , R n ). Then (w„, u n ) are the coordinates of the measure density in the polymer representa- 
tion after n successive applications of the RG map fj, 1 < j < n, of Section 4. The w„ evolve according to 
w„ + i = ,/n+i, w (w„) = v„ + i + w nj i as given in (4.16). This evolution is independent of u n and is solved in 
Lemma 5.9 below. The sequence {w n ,u n } with u n+ \ = .f n +i(u n ), where the solution for w n is incorporated 
in the map /„, is the RG trajectory. The index n in R n also indicates that R n is supported on polymers in 
((5„Z) 3 . Correspondingly the norms for Banach spaces of polymer activities given in Section 2 are indexed 
by the lattice spacing S n . In this section we first set up a uniformly bounded domain V n for u n . The rest 
of this section is then devoted to the proof of Theorem 5.1 below. This theorem controls the remainders 
(€n,pn) m the flow equations (4.39) together with R n +i in (4.41) when u n belongs T> n . It also gives bounds 
on g n +i and /i n +i- Theorem 5.1 will provide essential ingredients for the proof (in Section 6,) of existence 
of an initial choice of the mass parameter such that there is a uniformly bounded RG trajectory at all scales 
labelled by n. 

The aforementioned domain will be a ball defined with Banach space norms with the center of the ball 
fixed i.e. independent of n. To this end we first obtain an approximate discrete flow of the coupling constant 
g n from the first equation in (4.39) by ignoring the remainder £«(</„, /i„, R n )- The approximate flow equation 
has n-dependent coefficients. However we show below (Lemma 5.12), with no assumption about the domain 
V n given below, that the the positive coefficients a n converge geometrically as n — > oo to a constant <z Ci * > 0. 
This leads us to set up a reference approximate discrete flow of the coupling constant 

g c ,n+i = L £ g c ^ n (l - L e a c .*g c . n ) (5.1) 
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This may be thought of as an approximate flow in an underlying continuum theory. This approximate flow 
has a nontrivial fixed point, namely 

The constant a Ci * = a Ci *(L, e) depends on L, e in such a way that when e — > with L fixed a Ci *(L, e) — > a Ci *(L) 
which depends only on L. We will assume L large but fixed for the rest of the paper. We then choose e 
sufficiently small depending on L. 
We have 

< g < C L s (5.3) 

where Cl is a constant which depends only on L. e is then a measure of smallness of g. 
In the following 0(1) denotes a constant independent of L, e and n. Constants C are independent of e and n 
but may depend on L. These constants may change from line to line. It will not be necessary to keep track 
of these changes. 

The Domain V n : 

We will say that u n = (g n , p n , R n ) belongs to the domain T> n if 

\g n -g\<vg, \nn\<f~ 5 (5.4) 

lll^|||„<5 11/4 " r ' (5-5) 
where the constant v is held in the range < v < \, and 

|||i?„|||„ = max{| J R„| h ,,^,«5„, g 2 \\R n \\h,G K ,A,8 n } (5.6) 

We choose n = k(L) as in Lemma 2.1 and p = p(L) as in Lemma 5.3 (independent of the domain hypothesis). 
K, p will be held fixed after L has been chosen sufficiently large. 5,7] = 0(1) > are very small fixed numbers, 
say 1/64, and hs = cg^ 1 / 4 with c = O(l) > a very small number. Furthermore we take hs* = p _1 / 2 +«~ 1 / 2 
and choose m =9. hp = hp(L) is an e independent constant which depends on L and is taken to be 
sufficiently large. (The dependence of hp on L enters in the proofs of Lemma 5.15 and Lemma 5.16 below). 
We recall that h = (hB,hp) , h* = (Jib*, hp). 

Remark :1. Note that condition (5.5) is equivalent to having both 

WRu^G^^g 314 - 11 (5.7) 
\RnK,A, Sn < g n/i ~ v (5.8) 

2. In [BMS], see equations (5.1)-(5.3)therein, the domain was specified using e. In contrast here we specify 
the domain as in [A] by using g instead of e and moreover we enlarge the domain of g n slightly for technical 
reasons. 

Recall the definitions of p n {g n , P-n, Rn) and £«(<?«, Pn, Rn) from (4.53). We will prove in this section 
Theorem 5.1 

Let u n = (g n , Rn) € 2\- Let L be large but fixed followed by e sufficiently small depending on L. g 
is thus sufficiently small. Let u n+ i = f n +i(un) where f n +i is the RG map of section 4- Then there exist 
constants Cl independent of n and e such that 

\U<C L g n ^ (5.9) 
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\Pn\ < Cl? 1 '^ 



(5.10) 



|||ii n+ i|||„ + i<i- 1 /V 1/4 - 7) (5.H) 

\g n+1 -g\< 2vf'\ | Mn+1 | < 0{l)L-^f- 5 (5.12) 

Remark : The lemmas which follow will serve to prove Theorem 5.1. They are organized as in Section 5 of 
[BMS]. We remark that Lemmas 5.1-5.4, 5.9, and Lemma 5.12 are independent of the domain hypothesis. 
All the other lemmas are under the assumption that (g n , fx n , R n ) belong to the domain V n . Lemmas 5.21, 
5.22, 5.23 and 5.27 are the major parts of the program. i? n +i, m ain is bounded in Lemma 5.21 and this result 
determines the qualitative form of the bound on the remainder. R n +i,3 and R n +i,4 are seen, in Lemmas 5.22, 
5.23 to be negligible in comparison. R n +i, linear is the crux of the program and it is bounded in Lemma 5.27. 
The remaining Lemmas are auxiliary results on the way to these Lemmas. These auxiliary lemmas implement 
some of the following principles: Wick constants C„(0) are uniformly bounded by constants C = Cl- In 
bounds by G K ,h, A norms, a fluctuation field £ contributes a constant C = 0{1){p{L)k{L))~ 1 / 2 and a field 
ip contributes a constant 0(l)g -1 / 4 . The contributions of these fields as well as of the Grassmann fields ip, r\ 
are controlled by the structure of the norms defined in section 2 (with above choice of h, h*) and later in 
this section ((5.20) et seq). Integration over the Grassman fluctuation fields r\ is controlled by the Gramm 
inequality. In bounds by the h„, A norms, fluctuation fields ( contribute a constant C = 0(1)(p(L)k(L))~ 1 / 2 
and fields ip contribute 0(1). /is* has been adjusted to take care of the constant C above in the contribution 
of the fluctuation field. 

Lattice Taylor expansions 

In the following we will have occasion to estimate the difference of lattice fields at two different points of 
a hypercubic lattice (<5„Z) d . Let / be a lattice function and x, y be two points in the lattice. We write 
y — x = J2j=i S n Sjhjej where hj g Z + , Sj = sign(yj — Xj) and the ej arc the unit vectors of the lattice. 
We will express the difference f(y) — f(x) as a sum of forward and backward lattice derivatives of / along 
segments of a specified lattice path. As usual a forward derivative in the direction ej is denoted ds n . ej and 
the backward derivative is denoted d§ n - ej . Given j g {1, 2, .., d}, s e Z + we define pj(x — y,s) € (<5 n Z) d by 

j-i 

Pj(y-x,s) =^2(y-x,ei)ei + 5 n ejsej (5.13) 
i=i 

with the convention that if j = 1 the sum is empty. Then it is a simple matter to verify that 

d hj-1 

f(y)-f(x) = S n J2 E d^ejeJix+Pjiy-x^j)) (5.14) 

j=l Sj =0 

By iterating (5.14) we get the second order lattice Taylor expansion 

d d hj-lhk-1 

f(y)-f(x) = ^2((y-x),e j )d Sn , Sjej f{x)+5lY^ E E dsn^ejdsn^eJix+pkiPjiy-x^j)^^) (5.15) 

j=l j,k=l Sj=0 s fc =0 

Lemma 5.1 

Let Zs n ,Xs n be connected l-polymers in (i5„Z) 3 . LetYs n =%orYs n = L~ x Xs n C Z$ n such that vol(Zs n \Ys n ) 
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> 2- Choose any 7 = 0(1) > and k = k(L) > as in Lemma 2.1. Let g be sufficiently small so that 
< .9 < k 2 . Let ip : zf^ — > C w/iere is Za n wit/i 5-collar attached (see (1-76), (1.77)). Then there 

exists an 0(1) constant which depends on j such that 

|b||^ (Z4n) <0(l)2l z l^ie 7S ^»^n dwlv(w)|4 G K (Z 4B ,^ (5.16) 
For Ys n — the above bound holds without the factor 2l z L 

Proof: This is the lattice analogue of Lemma 5.1 in [BMS]. The proof reposes on the Holder inequality and 
the lattice Sobolev inequality ( see [BGM], Appendix B for an elementary proof). Let x G Z$ n - Write 

^ = uy l \v \ / d y(v(y) + <p(x) - <p(v)) 

V0l{Z 5n \Y S J Jzs n \Ys n 

and bound 

\<p(x)\ < —ttJ-tt? \ I dy\tp(y)\ + — jt^-Tv \ I d v\<P( x ) ~ <P(v)\ 

We bound the first term on the right hand side by 0(1)|M|l 4 (Zj \y 4 )• To bound the second term we write 
the difference <p(y) — ip(x) as a sum of lattice derivatives along the segments of the path as in (5.14). Any 
connected polymer Z$ n as defined in section 1.3 can be represented as Z$ n —ZD (<5„Z) 3 where Z is a 
connected continuum polymer. If Z§ n is a block (unit cube) then the path pj(y — x, Sj) in (5.14) lies entirely 
in Z$ n . If Z$ n is not a block then it decomposes as a connected union of blocks. If x, y are not in the same 
block then it suffices to consider the case when they are in adjacent components. We pick a point z in the 
intersection of the closures, write f(x) — f(y) — (f(x) — f(z j) + {f(zo) — f{y)) and use the above first order 
taylor expansion for each summand. The estimates below remain valid. Therefore it is sufficient to consider 
the case Zs n is a block. From 

3 hj-l 

<f(y) - V{x) =^^2^2 Qsn&ejVix +Pj(y - x,Sj)) (5.17) 
j=l Sj =o 

we get the bound 

3 

\<p(y) - <p(x)\ < y2$ n \hj\ sup \ds n , ej e J f(z)\ < 35 n (max | hj- 1 ) max sup \ds n , Ejej <p{z)\ 
~i ^z 5n J 3 ze z 5n 

<0(l)|tf-a:||M|z 4B ,i,5 (5.18) 

where in the last step we have used the lattice Sobolev embedding theorem. We have \y — x\ < \Z\. Putting 
the above bounds together we get 

\<p{x)\ < 0(l)\Z\(M LH z 5n \Y 5 J + Mz Sn ,l, 5 ) 

We also have for k = 1,2, \dg n <p(x)\ < \\<p\\z Sn ,i,5 by Sobolev embedding. Therefore combining with 

the previous inequality we get 

IMIc»(z <B ) < 0(l)\Z\(\\(p\\ L * (Ztn \Y ln ) + y\\z 5n ,i, 5 ) 

Hence 

Mhnzsj < WWiMUzsM + IMIk,i, 5 ) < m ^r^e' 9 ^^ dyv4{v) G K (z Snlip ) 
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where C(j) is an 0(1) constant that depends on j. We have used the hypothesis that g is sufficiently small so 
that < g < k 2 . This proves the bound (5.16). We now prove the statement following (5.16). Let Y$ n = 0. 
For x e Z$ n pick the unit block A^ C Z$ n , As n 3 x. We have 

\<p(x)\< [ dy\f(y)\+ f dy\<p(x)-<p(y\ 

Proceeding as before the first term is bounded by the L 4 (A$ n ) norm which is less than the L 4 (Z$ n ) norm. 
The second term is bounded as before except that since x,y € we have \x — y\ < 0(1). The rest is as 
before. ■ 

In effecting the fluctuation map in Section 3.1 we created polymer activities which depended separately on $ 
and the fluctuation field £. The following lemmas will enable us to estimate the contributions of the bosonic 
fluctuation field ( at various steps. Define a large field regulator for the bosonic fluctuation field £ : X^ — > C 

G K , p (X,„,C)-e pllCII ' 2 <^)G K (^,C), P,«>0 (5.19) 

k is chosen as in Lemma 2.1 and is held sufficiently small. The choice of p > is dictated by Lemma 5.3 
below. 

Lemma 5.2 
For any x G X$ n 

<C pJ , K G K , p (X Sn ,Q (5.20) 

where C p j = (p^ 1 ^ 2 + k~ 1,/2 ) : '0(1) and 0(1) depends on j. We have isolated out the p, n dependence in the 
bound. 

Proof : The proof follows the lines of the proof of Lemma 5.1 for the case Y$ n — 0. Take the unit block 
As n C Xs n such that A$ n 3 x. We replace the L 4 norm by the L 2 norm in the appropriate place and 
estimate \((x) — ((y)\ with A^ n as before now using the regulator G K , p . ■ 

The parameter p > is chosen such that the following Lemma 5.3 holds, p depends on L. 

Lemma 5.3 : Let n > be chosen as in Lemma 2.1. Then there exists po = po(L) > independent of n such 
that for all p, < p < po 

J dp Fn (C)G K , p (X Sn , < 2l*«» I (5.21) 
Lemma 5.3 is proved in the same way as Lemma 2.1. 

We introduce a new intermediate large field regulator which combines the ones introduced earlier 

G KtP (X Sn ,(,<p) =G K (X Sn ,C + <p)G K (X Sn ,<p)G K , p (X Sn ,(;) (5.22) 
Lemma 5.4 ■' Let k, p be chosen as in Lemma 2.1 and Lemma 5.3 respectively. Then we have 

j dnr n (Q&*A x s n ,C,<p) < 2\ x ^G 3K (X Sn , lf ) (5.23) 

Proof. The proof follows from an application of the Holder inequality and Lemmas 2.1, 5.3. 
Intermediate norms: 

We will set up some additional norms to help us control intermediate steps where we encounter polymer 
activities which are functions of the four separate fields ip, (, ip, n. These norms supplement the basic norms 
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defined in section 2, (2.12)-(2.19). 



Let £l(Xs n ) be the Grassmann algebra with (bosonic) coefficients in !F(Xs n ) generated by ip(x), ip(x), rj(x), 
rj{x) for all x G Xg n . We assign to r\, f) the same degrees as for ip, \p. This is a graded algebra and tl°(Xs n ) 
denotes the subalgebra of degree elements. Note that £l°(Xs n ) C ti°(Xs n )- Consider any polymer activity 
K(X Sn ,<p,t,i/>,ri) e Cl°(X s J. Let I C {1,2, ...,p} and J C {1,2, ...,p}. Define I c = {1, 2, ...,p} \ I. We 
introduce the abbreviated notation x 7 := (x^ , ...,a; i|7 |) where for e I for j = 1, .., |/|. We will refer to the 

Xi 3 as the members of x/. Define V( x j) := VO^i) ^(^Vl) and a^,f Xf ) : = II j =0 1 a^ hj ) - We now define 

Q Q Q O 

^•"A-^.^Cxj.x/c.yj.yjc) := — -— - -— , K(X Sn ,<p,CM (5-24) 



dfl{yj-) 9r?(x/c) di/>(yj) 5V( X /) 



Note that the left hand side is antisymmetric respectively in the members of x 7 , x 7 c, yj, yjc. Let x := 
(x/,x/c) and y := (yj,yj=). Then K(Xs„,(p,£,ip,r]) can be represented uniquely as 

K(X Sn ,<p,(,tf>,ri) =J2 E |/|i ireiM /I! \jc\\ I 2p dxdyD 2 /' IJ K(X gn ,ip,(,x I ,xic,yj,y J c)x 

p>0 /c{i,...,p} ' '' ' I' I I' I I- J x s * 
jc{i,...,p} 

V'(x / )Vi(y J )?7(x 7 =)j7(y J c) (5.25) 
Let <j 7 j : (xj 2 ^)' 7 ' x (Xfi 2 ^)\ J \ — » C such that g 7 j(x 7 ,yj) is antisymmetric respectively in the mem- 
bers of x/ and those of yj. Let hicja : (X^)' 7 "' x (Xg^)\ jC \ — > C such that /i 7 cjc(x 7 c,yj c ) is anti- 
symmetric respectively in the members of x 7 c and those of yjc The tensor product <? 7 j (8) /i 7 cjc maps 
(X^)! 7 ! x x (X { s y ic \ x (Xg } )l JC I = (X { s 2 J) 2 p - C. By definition ( 57J ® /i 7 cjc)(x 7 , x 7 =, yj , yjc) = 

<? 7 j(x 7 , yj)hicjc (x/c , yjc) . We consider the space of functions gu endowed with the C 2 ((X,5 n )l 7 l x (X^)' J ') 
norm. Similarly we consider the space of functions /ijcjc endowed with the C 2 ((X,5 n )l 7C x ( ^ ) I JC I ) norm. 
Define 



^"•" , ^ s , lV) ( ) ) 0;/ xm )Sw 8li / «j t ) = / d«fyI>B^ ,7J «'(^„,¥',C,X7,x J .,yj,yj. 



/ xro )x 



(ff/J ® /l/cj<:)(x/,x/c,yj,yj c ) (5.26) 

where the derivative Z?^ of the bosonic coefficient is with respect to the field ip (and not the fluctuation field 
£). This defines a multilinear functional on the normed subspace of antisymmetric functions in C 2 ((X,5 n )l 7 x 
(X 6 J J \) x C 2 ((X 5 J^ x (X S J JC \). 

The norm of the multilinear functional (5.26) is defined analogously to (2.16), namely 



\\rV J ' m K(X Sn ,<p,C, 0,0)11= sup f 



llMjl W' 7| x(*' J| r 

on o n 



dxdy 

, x7 



D ™ D *P,U K (X Sn , <fi, C, X/ , x 7 c , y j , y jc ; / xm )(g u ® hjc jc ) (x 7 , x 7 c , y j , y jc ) (5.27) 

In the beginning of this section we specified h = (Iif, hs) and h* = (hF,hs*)- 
We define the norms 



oc mo 7 m 7 2p 

PW^,C,0,0)|| h = EE E d in.i r c|,T r |,| r c|, P 2PlfJ>m ^.^C,0,0)|| (5.28) 



, m! 171! |/ c |! IJI! |J C |!' 

JC{1,...,P} 
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\\K(X Sn )\\ h6 = sup \\K{X 5n , if, C, 0, 0)\\ h G~i(X Sn ,ip, C) 



(5.29) 



00 m _ im z2p 

PW„,0,C,0,0)|k=EE E ^ |f|i|jc|,fj|,|jc|, ll^ /Jim ^.0,C,0,0)|| (5.30) 

p=0 m=0 7c{i,...,p} ' I I- I I- I I- I I- 
JC{1 p} 

ll^n)llh„G. p = SU P ll^n.O.CO.OJHh.G-J.^.O (5.31) 

oo m , m ,2p 

fcJi^EEJ^ ^pMtw^ l|D2p '"' m ^ ( ^' ' '°' 0)l1 (5 ' 32) 

JC{l',...',p} 

It is straightforward to prove that the above h and h» norms satisfy the multiplicative property of Proposi- 
tion 2.3. 

Special case: Consider the map Q°(Xg n ) — > Q°(Xg n ) given by 

K(X Sn ,<p,t,il>,v)= K{X 5n ^ + + (5.33) 

Norms for K were defined earlier earlier in section 2, see (2.12)-(2.18). On the other hand the h and h* 
norms of K are defined in (5.28), (5.30) above. We have 

Lemma 5.4 A: 

Define h := (4f, hs) and h* := (Af, hs*)- Then we have for the polymer activity defined in (5.33) 

\\k{X 5n , V ,Q,Q,Q)\k< ||^ n ,^ + C,0)|| h (5.34) 

\\k{X 5n ,0,C,Q,Q)\k, < ll^(^„.C,0)||h. (5.35) 
Proof: Let I C {1, ..,p} and J C {1, ..,p}. From the definitions (5.24) and (1.82) we have upto a sign factor 

D%D 2 /> IJ K(X 5n , if, C, xj, xj« , yj,yjc ; / xm ) = (-l)*D%D$K{X Sn ,<p + £ xj, x/c, yj) y JC ; / xm ) (5.36) 

Let (gfjj <g> hicjc)(xi, x/c, yj, yjc) be a test function as defined after (5.25). It is antisymmetric respectively 
in the members of x/, x/c , yj, yj c . From (5.26) and (5.36) we get 



D 2 P' JJ >'"A-(X« B , ¥ >,C,0,0;/ xm , fl 2 p ,j J ) = (-1) J / dxrfyD^D^(X 5n ,^ + C,x 7 ,x 7 =,y J ,y J =;/ > 



l )x 



(ff/j ® /i7c JC )(x/,x/<:,yj,y,/c) (5.37) 

Let (xj,x/c) = (xi,...,x p ) and (yj,yjc) = (yi,..,y p ). Write <g> hic J c)(x I , x/c, yj , y JC ) = ( flJi7 ® 
hicjc)(x\, ..,x p ,yi, ..y p ). Let 5 P be the permutation group of {1, ..,p}. Define 

A(gu <g> hicjc)(x-i, ...,x p ,yi, ..y p ) = — ^ E ® ^jO^Wi-^Cp),^'^), ■■■Va'(p)) 
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Now the coefficient function Dg 1 D/K(Xs n , f + (, x/, x/c , yj, yj c ; J xm ) is antisymmetric in (x/,x/c) = 
(x\, ...,x p ) and in (yj,y,/<=) = (j/i, ..,y P )- Therefore we can replace g/j <g> in (5.37) by A(gu <g> hi^j^) 

and hence 



D W"K(X 5n ,^C,0,0;/ xm , 52p , 7J )| < ||£> 2 "- m if(X 4 „,^ + C, 0|| nil/iH^(x 4 „)M(5/J«) W)|| C2(X?P) 

Now ® ^jOIIc^(x^) ^ ll.9/./llc 2 ((x 5 „)i^ix(x 5 „)i-'i) II^HIc 2 (po„)i' c i x(x 5 „)i-' c i)- Using this in the 

previous inequality gives 

\\D 2 ^ m K{X Sn , V ,Q, 0,0)|| < ||£> 2 f' m ^(X 5n ,^ + C,0|| (5.38) 

Therefore 

oc m , TO r>_2pi2p 

||^(X 4lt)V ,C,0,0)|| fi <X;E E d l/l.l/ciMjnijcJ ^^^^^O)!! (5.39) 

p=0 m=0 /c{i,...,p} 1 M- I I' I I' I I- 

JC{l,...,p} 

Now 

V - = — ^2 2p 

, c{ t, p) |/|!|/ C |!|J|!|J C |! (p!) 2 

JC{1 p} 

Substituting this in the previous inequlity and using the definition (2.17) gives 

\\R{x 5n ,ip,t,QMk< \\K{x Sn ,v + CMW 

which proves (5.34). The proof of (5.35) is the same. ■ 
Lemma 5.5 

Let g n ,Hn belong to V n . Let Ys n be a 1-polymer. Then for V n (Ys n , $,£) = V(Ys n ,$ + £,C n , g n , /J, n ) or 
V(Y Sn ,$,S L C n+1 ,g n ,iJ, n ), we have 



(5.40) 



|| e -v»(n B ,*,«|| h> < 2 I^»I (5.41) 

for e > sufficiently small depending on L. In the above norms h = (hs, /if) arad = (/is*, /if) are chosen 
as in the hypothesis for the domain T>s . Thus hp = hp(L), hs — cg~i with c = 0(1) sufficiently small, 
and h B * = p^ 1 / 2 + n^ 1 / 2 . Note that Kb* depends on L via p and n. 

Proof : It is sufficient to prove this when Y$ n is a 1-block . Because otherwise we can write Y"a„ as a 
disjoint union of 1-blocks and write the left hand side as a product over 1-block contributions. Then the 
multiplicative property of the h norm ( Proposition 2.3) gives the lemma. 
From the definition of V in (4.1) we get on undoing the Wick ordering , (see (1.28)), 

V n (A Sn ,&) = V ntU (A Sn ,ip) + 2g n dxip(p{x)ip\j)(x) + p n / dxip${x) (5.42) 

where 
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V u>n (A Sn ,ip) = / dx[g n (ipip(x)) 2 + p, n tptp(x)] (5.43) 



and p m = fj, n - 2g n C n (0). 

By the multiplicative property of the h norm, 

|| e -^C^^^)|| h < || e -^-<^^^>|U s || e - 2 ^ ^^C-)^C-) ||h||e -^X^^ ^^ Ca:;) | U ^ (5.44) 

We estimate each of the factors on the right hand side in turn. We observe that by taking s sufficiently small 
we can make g as small as necessary since < g < Ce. Since g n , /i„ belong to T> n and < v < |, we have 
f < 9n < §<? and fi = 0(g 2 ~ s ). Moreover from from (5a) of Theorem 1.1 and (1.52) we have the uniform 
bound |C„(0)| < Cl- Therefore \fi n \ < C^g with a new constant Cl- 
For the first factor on the right hand side of (5.44) we have the bound 

Be-^^IU. < 2*^le"* ^- (5.45) 

where \&.s„ \ = 1. This can be proved on the lines of the proof of Lemma 5.5 of [BMS] by substituting there 
g for e and taking account of the previous observations. Thus 

K,n(A tfn ,^)-^ jf dx\^> g -j^ dx(\^ - C L \ V \ 2 ) 

Now Cl\<p\ 2 < ^(M 4 + Cl 2 ). Let 5 &e sufficiently small so that gCi 1 < g^ . Using these two observations 
we get from the previous inequality 



e -v u , B (A 4n ,„) < (1 + 0( £i ))e -*/ An *°M 4 



The rest of the proof which consists of estimating, for fc > 1, -^-\\D k e Vu < n \\ goes through as in the proof of 
Lemma 5.5 of [BMS] on replacing e by g. 

Now consider the second factor in the right hand side of (5.44). From the multiplicative property of the h 
norm applied to the series expansion of the exponential we get 



\e JA ^ llh<e 
Now g n < \g and gi = 0(l)h B 2 . Let t = ^f^. Then 

2g n h%\\w(x)\\ hB < 0(l)^(i 2 + 1 + 1) < 0(l)JJ(t 4 + 1) 

B B 

which can be proved by two applications of Holder's inequality and therefore for the second factor we have 
the bound 

|| e 2 «»/ A4B < 2 0(l)(h F /h B f\AsJ e ° (1){hF/hB)2S L Snl (5 46) 

Finally for the third factor we have straightforwardly the bound 

\\/" J ^ dX ^ {X \\ hF <2^^ (5.47) 
where we have used the bound \fb n \ < C^g ( see above). 

Put together the bounds for the three factors. In the bound (5.45) use g n > § . Let g be sufficiently small 
( thus making Hb sufficiently large) so that max(0(l), Cl)Qif /hs) 2 < jq where 0(1) is the constant in 
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(5.46) and Cl is the constant encountered above. This ensures that in the bound (5.46) the exponent 
0(l)(fiF /hs) 2 < jq- It also ensures that in the bound (5.47) the exponent h 2 F CLg < jq- Thus we have 
obtained for g sufficiently small 

|| e -y(A 5 „,<i>)|| h < 2 \A 6n \ e -S/sJ & dx( V v) 2 (x) 

and the first part of the lemma now follows on invoking the argument in the beginning of the proof. The 
proof of the second part follows the same lines. ■ 

Lemma 5.6 

Let p nt g(As n , £, 4>) and p„ j([t (Ad n , £, $) be as given in (4-8). Let g n , p n belong to T> n . Let hs = cg^ 1/>4 and 
hs* be as in the definition ofV n . Recall that h = (hs, hp), and h* = (hs*, /if); where hp = hp(L). Let 
K = k(L) > and p = p(L) > 0, be as specified in Lemmas 2.1 and 5.3. Then for any 7 = 0(1) > 0, 
< s < 1 we have constants Cl independent of n and e but depending on L such that 



-, 1 a nil ~ 9(1 — s )7 / dx (tptp) 2 (x) 

|| Pn , s (A,„,^C,0,0)|| h <C L .g 1 / 4 (l- S )- 3 / 4 G K , p (A,„,C)G K (A,„^) e 



(5.48) 



\\p n ^As n ^XAO)h<C L f/ i -Hl-s)- 1/2 G K JAs n X)G K (A Sn ^)e 9{ (5.49) 



||p n , fl (A 4B ,0,C,0,0)|| h . <C L gG KtP (A Sn ,0 (5.50) 
||p n , M (A tfn ,0,C,0,0)|| h . <C L g 2 - s G K , p (A Snl () (5.51) 

Proof : p ny g(As n ,£,,&) is given in (4.7). We undo the Wick ordering which produces constants C n (0) 
uniformly bounded by constant Cl from Corollary 1.2. We can then write it in the form (5.25) by expanding 
out in the Grassmann fields. Since it is a local polynomial of degree four we get, 



2 f 1 

p=0 a 7c{l,...,2p} A<5 " iel i£l c 

where means that k — Vi. We have following the definition of the norm in (5.28) with h replaced by h 



\\Pn,g(As n ,tp,(;,0,0)\\h < SUP ^ E / M\Pn & g!2p^ nl ^X,x)\\ hB \g2p{^)\ 

p=0 IIS2p||<l a IC { ll ... l 2p} jA Sn 

<E4 P E E / dx\\? n * g ; 2p {A 5n ^x^)\\ hB (5.53) 



p=0 a 7C{l,.-.,2n} U 

\I\ eve: 



where #2 P (x) = g2 P (x, x, ...,x) and ||# 2p || is the C 2 (A 2p J norm of g 2p . P°',^2 P (^5n > ^ C> is a polynomial in 
93, £ and every term in the hs norm ofp n , g ,2 P can be estimated as in the proof of Lemma 5.6 of [BMS]. Each 
term carries a factor g n — 0(g). The fluctuation fields £ are estimated via Lemma 5.2 and the fields <p via 
Lemma 5.1. For each field <p we lose g~i . In the p — term the maximum power of ip in p n , g , P is 3, for p = 1 
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the maximum power is 2, and for p = 2 it is 0. The bound (5.48) now follows as in Lemma 5.6, [BMS]. The 
bound (5.49) for p n ,n(As n ,£, $) is proved in the same way. We just have to remember that p, n = 0(g 2 ~ 5 ) 
from the domain hypothesis, and that the maximum power of the field ip in the p n ,^, P is 1. The remaining 
parts are proved in the same way. ■ 

Define p n (s) = p n (s, A Sn , byp„(s) = sp n , g + s 2 p n ^. Then r„,i = r nA (A Sn , defined by (4.9) is 
given by 

r n ,i = ^ - sfe-^-^ ( - K(«) 3 + 6K(* W) (5-54) 

with j/ n (s) = £p n (s) = p n , g + 2sp„ ifi and p£(s) = 2p n ^. 
Lemma 5.7 

Under the conditions of the domain V n there exists a constant Cl independent of n and e but dependent on 
L such that 

||r„ ;1 (A,J||, 6)tp <C L 5 3/4 (5.55) 
IKi(A*Jlk,c\, p <C L g 3 ~ s (5.56) 

Proof : Follow the proof of the corresponding Lemma 5.7 of [BMS]. Write V n + p n (s) = V n .i(s) + V n ^{s) 
where 

V nA (s) = V{A Sn , $ + £, C n ,sg n , s 2 M n), V na {s) = V(A Sn , $, S L C n , (1 - s)g n , (1 - s 2 )fi n ) 

We have 



||r„,i(A«„ j¥7 ,C,0,0)||h < - *) 2 ||c~ V "- 1<a) llh||e- v ~- 3( ' ) ||h(||l/(«)||£ + 6||p / (*)||i 1 |b M ||h) 

ffn, Mn belong to £>„. Lemmas 5.5 and 5.6 continue to hold with g n , [i n replaced by sg n , s 2 fi n or (1 — s)g n , (1 — 
s 2 ),u„. We bound He-^.^Hh < 2 and ||e _v "' 2 W || h < 2e 4 Ja ^ . We bound the remaining 

3 ~ (1 — s )^37 / da;|cp| 4 (a;) 

factor (using Lemma 5.6) by Cl<?4 G p ^ K (As n , £)e A<5 » . We put the three bounds together 

and choose < 7 < ^. This gives the bound (5.55). The proof of (5.56) is similar. ■ 

Lemma 5.8 

Under the conditions for the domain T>$ n there exists a constant Cl, independent of n and e but dependent 
on L such that 

\\Pn(m h ,G K , p ,A,S n < Cl\\9 1/4 \ for \Xg^\ < 1 (5.57) 
\\PnWh„G K , p ,A,s n < C'LlXg 1 - 5 ^ for IXg^l < 1 (5.58) 



Proof. This follows on applying Lemmas 5.5, 5.6 and 5.7 to P„(A) defined in (4.9). ■ 

Estimates for Q n e~ Vn 

We now turn to the estimate of Q n e~ Vn . From (4.4) 
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Q n (X 5n ,<S>) =Q(X 5n ,$;C n ,w n ,g) = g 2 n J2Q^\X Sn ,^,C n ,w^) (5.59) 
where the Q^ m '"^ are given in (4.6). Under an iteration, see Proposition 4.1, we have 

w n ^ w n+l u n+l ' w n,L 

where p = 1, 2, 3 and the are given in Proposition 4.1. Starting with =0wc get by iterating 

71-1 

3=0 

For every integer n > we consider the Banach spaces W p ,5„ of functions / : (<5„Z) 3 i— > R with norms 
II ' ||p,n; P — 1? 2, 3: 



||p,n = Sup 



((N +6 n ) 6 -^\f(x)\) (5.61) 



We define the Banach space W„ = Wi irl x W 2 ,„ x W 3> „ consisting of vectors f = / (2 \ / (3) ), / (p) : 

(<5„Z) 3 i ► R with the norm 

||f||„=max||/W||„ (5.62) 
p 

Let w„ = (wn\ Wn\ mf) as above. 
Lemma 5.9 

1. For L sufficiently large and e > sufficiently small there exists a constant kh independent of n and e 
such that for all n > 1, 

||w„|| n < k L /2 (5.63) 
If we start the sequence {w„}„> with w ^ 0, with ||w„||,5 < fci/2 ; then 

||w„||„<fc L , Vn>0 (5.64) 

2. There exists a function w* defined on U n > (5 n Z) 3 C Q 3 such that for every integer I > held fixed , the 
sequence {w n };< n converges to w* in the norm \\ ■ \\i as n — > oo. The convergence rate is given by 

Hwn-w.Hi^CiL-"' (5.65) 

where q > is the constant in Theorem 1.1 and Corollary 1.2.. We have w* = v CT + w»x m Wi for every 
I > 0. 

Proof. 

1. Let m = n — j with < j < n — 1. By definition = j, — Cf„ +1 with pointwise multiplication. 

Since C m .L = r m ,L + C m +i, it follows that has T m ^ as factor. From the finite range property of T m ^ 
it follows that 

v£>(x)=0: \x\>l 



9/scttembrc/2008 [47] 



5:47 



Theorem 1.1, part (5a), and Corollary 1.2 give uniform bounds on the T m and C m . Therefore there exists a 
constant c^ p independent of n such that 

H^llioo^ZjS) < c l,p 

2. By definition 



xe(s 

= L-W- 2 ^) sup ((|,| + S n ^\v^{y)\) 

Because of the finite range property of • of paragraph 1, we can bound \y\ < 1 in the weight factor on 
the right. Because n — j > 1 we can bound in the weight factor 5 n -j < S\ = L^ 1 . Therefore on using the 
bound on v^l j of paragraph 1 we get 



v 



(p) 



\ P , n <L-^-™°\l + L-^c L , p 



u n-j,Li I 

We bound the first geometric factor by taking p = 1 and e > very small in d s = (3 — e)/4. This gives 
£--?7 5 . xhis gives the bound 

\\v^. Lj \\ p , n <L-^C L , p 

with a new constant cl, p independent of n. Using the above bound we get from (5.60) the bound 

oo 

\\w^\\ P ,n<C L , p J2L- j/5 <2c L , p 
3=0 

for L sufficiently large. Therefore setting fcj, = 4ma.x p cl. p we get 

||w„|| n <k L /2 

which proves (5.63). (5.64) is a trivial consequence of the above. This proves the first part of the lemma. 

J c*,h 

in R" 3 of Corollary 1.2. By factoring out T c>t Theorem 1.1 and Corollary 1.2 we have that Vc*' exists in 
L°°(M 3 ) and has finite range: vi P ' (x) = : |arj > 1. Moreover by Theorem 1.1 and Corollary 1.2 we have, 
see the proof of Lemma 5.12 for the detailed argument, 

\U,{p) _ ,,00 1| „ < Ct T-Q(m-1) 

\\ u m u c* \\ ((S m Z) 3 ) — C L.p lj 

Define 

n-l 

» - „,00 



3. Let vfj — C p , — Cc*, with pointwise multiplication, where C c * is the smooth continuum covariance 



3=0 



W * ~ ' "c*,Li 



Fix any integer I > 0. Then for n > I the (p, I) norm is dominated by the (p, n) norm. Then proceeding as 
in the first part and using the previous inequality we get 

n— 1 n— 1 

||,„P_„,P|| , < \\v p -v p II < rr L~ j< -^ E r 1 ~ 2d ^\\v p -v p \\ 

\\W n W*\\p,l ^ W V n-j,L3 V r.*.LQ Hp." - ° L ,P / j n W V n-j V c* lli<=°((5„_ 3 Z) 3 ) 

3=0 3=0 
n-l 

< c L . p ^L- 3/b L- q{n - 3 - x) < c' L . p L- qn 

3=0 
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Now take the maximum over p. This proves (5.61) and at the same time the convergence statement of part 
2 of the lemma. The last statement of part 2 is trivial to prove. This completes the proof of the second part 
of the lemma. ■ 



Lemma 5.10 

Under the conditions of the domain V n there exists constants C Pi l independent of n such that 

\\Qne- v "\\ h ,G K ,A p ,s n <C p , L g 1 ' 2 



\Q n e Vn \h*,A p ,6 n < C Pi l g 1 



(5.66) 
(5.67) 



Proof 



Q n (X 5n )e- v ^ x *n) =g 2 n J2 Q {m ' m XX8 n ,^C n ,w£- m) Y- Vn{X 



m— 1 

3 



Q n (X Sn ,if)e 



-V n (X ln ,<p) 



<9lY. \\Q (m ' m \Xs n ,$;C n ,w£- m )) 



-Vn{X 5n ) 



(5.68) 
(5.69) 



Here X$ n is a small set because of the support properties of Q n . The last factor will be estimated by Lemma 
5.5. From (4.6) we have 

Q^ 3 \X Sn ,^w^) =4 f dxdy :*(x)${x)$(x)*{v)*(v)*(y):c n wW(x-y) (5.70) 

Jx />n 

We exhibit (5.70) as an element of the Grassmann algebra: 

(X Sn , $; W W ) = Q< 3 < 3) (X 5n , if- ) + f dxdy (X 5n ,<p,x,y; ) : ^(x)^(y) : Cn + 



Ix 5 



+ I dx Q£> s) (Xs n ,<p,x;wX>) : ^(x)^(x) : Cn + 



Jx S n 



(5.71) 



where 



.(3,3), 



)(3,3)/ 





= 4 


/ dxdy : ip{x)ip(x)ip{x)tp(y)tp(y)tp{y) : 




= 4 


<p{x)<p(x)tp{y)tp(y) :c n w { n ] {x-y) 




= 4 


\ dy : (ip(x)ip{y) + y(y)ip{x))ip(y)ip(y) 




= 4 


ip{x)ip(y) : Cn w^(x-y) 



(5.72) 



where, denoting with A(x) the block A such that x <G A, we have Xi = < ^ , . , . If ^ , , . . 

dn \ X Sn \ A(x) if X Sn = Ai U A 2 

Undo the Wick ordering, which produces lower order terms with coefficients which arc uniformly bounded 

independent of n by Corollary 1.2. It is therefore enough to estimate with the Wick ordering taken off. We 

get 
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\\QW(X 5n ,$;wW)\\ h < \\Q^ 3 \x 5n ,^ W W)\\ hB + 
+h 2 F sup / dxdy \\Q (3 ' 3 \x Sn ,if,x,y;w^ ) )\\ hB \g 2 (x,y)\ + 

IM| C 2 ( *2 )<lJXf„ 

5n. 



+h% sup / dor ||Qp' 3) (i' 5n ,¥',a;;u;W)||/ lB |5'2(a;,a;)| + 

sup / dxdy \\Q£ ,3 \x Sn ,<p,x,y;wP)\\ hB \g 4 (x,x,y,y)\ 

\\9i\\c 2 (X 4 )^ 1 ^ X S„ 

To estimate the hs norm of the Q^ 3 ' 3 ^ we apply to (5.72) h B D k , with D the bosonic field derivative, 
Kb = cg^ 1 / 4 and use Lemma 5.1. Contributions for k > 4 vanish. We use g n = 0(g) from the domain 
hypothesis of Theorem 5.1. We estimate the kernel Wn\x — y) using Lemma 5.9. As a result we get 

\\Q^(X Sn ,^)\\ h < C L g-^ [ dxdy l^ e a/4 ^ G K {X Sn M (5.73) 

Jx Sn (\x - y\ + d„) ' 

The integral over Xg n exists and is of 0(1) since Xg n is a small set in (S n Z) 3 . Therefore 

||Q<».»>(* fc) *;t«,W)|| h < C L g-^e m! ^ G K {X Sn ,<p) (5.74) 

Next turn to Q^ m ' m \ m = 1,2. From (4.6) 

Q {2 ' 2) (X Sn , $; C, u4 2 )) = - / dxdy [: ($(x) - $(y))(<S(x) - $(y))($(x) + *(y))($(x) + $(y)) : Cn + 



,x s n 

+ : [(*$)(*) - (m(y)} 2 : Cn ]wi 2 \x-y) 
We exhibit this as an element of the Grassmann algebra. This gives 

Q^(X Sn ,^,C n ,w^) = -Q (2 ' 2) (X Sn ,<p;C n ,wW) - f dxdy 

'Q {2 ' 2 \x Sn ,<p,x,y;C n ,wM) : ty(x) + ^{y)){i>{x) + $(y)) : Cn + 

Q (2 ' 2) {X 5n ,ip,x,y;C n ,w%\) : : Cn + 

+Qa 2 ' 2) (^„,^,x,y;C„, W i 2 )) : (^(z) - WW) -C n + 
+Q ( t 2 \x Sn ,x,y,wi 2 y){(: 1>(x) - 1>(y))$(x) - ${y))ty{x) + i>(yW(x) + ${y)) : Cn + 

:(#W-#(|/)) 2 ): C J}] (5.75) 

where 

Q i2 ' 2) (X Sn ^- C n M 2) ) = / dxdy wi 2 Hx - y)(: \<p(x) - v(y)\ 2 W(x) + v(y)f :c„ 

+ :(|^| 2 (x)-M 2 ( y )) 2 : Cn ) 
Q i i' 2) (X Sn ,ip,x,y,C n ,w^) =^ 2) (a;-y) : \ip(x) - <^(y)|c n ^ 
Q i2 ' 2 \x Sn ,ip,x,y;C n ,w^) =w£\x - y) : |^(x)+^(y)| 2 : Cn 
Q^ 2 \x Sn ^,x,y;C n ,w^) =2w™(x-y) : (M 2 (x) - M 2 (y)) : c „ 
Qi^^.ar.y.wW) (a; -y) 
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The || • ||h,G„,.4p norm estimate for Q^ 2,2 ' (Xg n , $; C, Wn^) reposes on the following principles: 

1. Undoing the Wick ordering produces lower order terms with Wick coefficients which together with their 
derivatives are uniformly bounded independent of n by Corollary 1.2. Moreover by the domain hypothesis 
9n = 0(g). 

2. By Lemma 5.9, the kernel Wn^ has the bound \w„\x — y)\ < Ul(\x — y\ + <5„)~ 13 / 4 where the constant 
kh is independent of n. 

3. The fields ip(x) are estimated by Lemma 5.1. Differences of fields \<p(x) — <fi(y)\ are estimated by (5.18). 
This produces a factor \x — y\ which we retain, and majorise the Sobolev factor by the large field regulator. 
Diffferences of fields <p(p(x) — <p<f>(y) can also be expressed as in (5.17), substituting <ptp for tp. This requires 
estimating (dg nte ,(pip)(x + ■■)■ We apply the lattice Leibniz which modifies the continuum rule by producing 
an extra term 8 n \ds ntej ip(x + ••)| 2 , (see equation (5. 2), page 432 of [BGM]). We estimate the ip by Lemma 5.1, 
with k/2 in the large field regulator. We estimate the gradient pieces by the Sobolev inequality as in (5.18), 
and then by the large field regulator with k/2. We have also produced a factor \x — y\ as in (5.18). 
Invoking the above principles we get the following bounds for the bosonic coefficients: 

(5.77) 

and for j = 1, 2, 3 

§p fe Qf > 2 \X K , w x, y, C n , w^)\\ < cls- 1 '* (\ x - V\ + 5 n )-^fAx-y)e m! ^ dxW ^ X)? G K (X K M 

(5.78) 

where the maximum value of k which gives a nonvanising contribution is 4 and 

f 1 (x-y) = \x-y\ 2 , f 2 (x-y) = l, f 3 (x - y) = \x - y\, f 4 (x - y) = 1 (5.79) 

4. We must estimate the contribution of the fcrmionic pieces to the h norm. To this end denote by Fj(ip) the 

(2 2) 

fermionic factor multiplying Qj ' in (5.75). Express the differences ip(x) — ip(y) by the fermionic analogue of 
(5.14). We do the same also for ^(x) — ipi>(y) and then apply the lattice Leibnitz rule to ds n , Sj il>'ip(x+-). We 
replace the fermionic pieces by the functions g 2p on X$ n Lid 2 Xs n . and their lattice derivatives. Corresponding 
to Fj(ip) we get the contribution Gj which is a linear form on g 2p , where pj = 1 for j = 1, 2, 3 and p4 = 2. 
Let 5 n hj, hj e Z be the component of y — x along the unit vector ej. We have 

d = g 2 (x,x) + g 2 (x,y) + g 2 (y,x) + g 2 (y,y) 

3 

G 2= S l Y Y 4 1 le n d Z ) ,e Z2 92(x+Pt 1 (y-X,S ll ),X+p l2 (y-X,S i2 )) 

ii,i 2 =l 0<s i[ <h i[ -1, 1=1,2 

3 hi-1 

G 3 = 5 n ^2 Y [ d Z\e,92{x + p t {y - x, s^, x + p,(y - x, s,)) + df^ e .g 2 (x + pi(y - x, Sj), x + Pi(y - x, Si))+ 

i=\ Si =0 

+ 5 ndf^ e .df^ ei g 2 (x +pi{y - x, s»), x+pi(y - x, s»)) 

3 

G 1= S l Y Y d Z\e ll d Z\e Z2 (9i( x +Pii(y- x , s t>), x +Pt 2 (y- x , s t2), x , x ) + 

»i,»2=l 0<s i; <h il -1, ( = 1,2 
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+.g 4 (> + -,x+ -,x,y) + g 4 (x +p il (y - x, s h ), x + p l2 (y - x, s l2 ),y,x) + 

+g 4 (x + Pil (y - x, s h ), x + p l2 (y - x, s l2 ), y, yfj + •• 

where the superscript on the lattice derivative denotes the argument on which it acts. The omitted terms •• 
in G4 comes from the square of the (first order) lattice Taylor expansion of ipipfa) — ipipiy) and then replacing 
the product of 4 Grassmann fields by the test function 34. For j = 1, 2, 3 we have the bounds 

\Gj\< 0{\)f s {x -y)\\92\\ c , {±V (5.80) 

and for j = 4 we have 

|G 4 | <0{l)h{x-y)\\g4c*{x tn ) ( 5 - 81 ) 

where 

h = h h = \x- y\ 2 , h = \x- y\, h = \x- y\ 2 (5.82) 

On using the bounds (5.77)-(5.82) we get for < k < 4 and < p < 2 

hl^\D^ n Q^ 2 \X 5n ,cp,0-J xk ,92 P )\<c L g- 1/2 dxdy (\x - y\ + 

a/4 / „ dx\<p<p(x)\ 2 w , 

« Jx " G K {X Sn ,m\\f 2(± J\92AcHxi :) (5-83) 

For k > 4 or p > 2 we have vanishing contribution. The integral over X$ n exists and gives a contribution of 
0(1) since X§ n is a small set in (<5„Z) 3 . Therefore we obtain from the previous inequality 

IIO^ 2 )^^^)!^^^- 1 / 2 / 74 ^^ 1 ^ 12 ^^^) (5.84) 
We can estimate in the same way the case m = 1. We have 

\\Q^(X 5n ,^C,w^)\\ h <c L g- 1/2 f dxdy(\x-y\+6 n )-W-Qe B/i f x '»^ VVlx)l 'G K (X Sn ,v) (5.85) 

The integral over Xg n exists and gives a contribution of 0(1). Therefore 

\\Q^(X Sn , $; C, w^)\\ h < c L g- 1/2 e /4Jx ^ G K (X Sn ,<p) (5.86) 



< c L g^ 



Therefore from (5.69), Lemma 5.5 and the bounds (5.74), (5. 84), (5. 86) we get 

Q n (X s Je- v ^ x ^ 
and since Q n is supported on small sets we get 

\\Qne- V "\W,G K .A P <CL, P g 1/2 (5.87) 

which is (5.66). To prove (5.67) we estimate the r.h.s of (5.69) at $ = after undoing the Wick ordering, 
set h = h*, and use Lemma 5.5. ■ 

In the following lemma we consider Q„($ + £)e~ Vn (® + & as a function of tp, C, ip, r\. 
Lemma 5.11 
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Under the conditions of the domain V n there exists constants Cl, p independent of n such that 

\\Qne- V "\\ h ,G K , p ,A P ,s n <CL, P 9 1/2 (5.88) 

WQne- V -\W^G^ Mn <CL.. P g 2 (5.89) 



Proof 

The bound (5.88) follows from (5.66) since G K , P > G K . To prove (5.89) wc first express Qn n ' m \Xs n ,ip + 
C, tp + rj) in the Grassmann representation as in the proof of Lemma 5.10, substituting in the expressions 
there ^> ip + (, -0^-0 + 77. Field derivatives are defined as in (5.26). For the bosonic coefficients we 
take derivatives at <p = 0. The resulting dependence on £ is estimated by Lemma 5.2. The rest of the proof 
follows that of Lemma 5.10. We use Lemma 5.5 which implies that \\e^ Vn< - X6 ^^^\\h t < 2l Xj "l, and Xg n is 
a small set. ■ 

We now prove a lemma to control the perturbative flow coefficients a ni b n given in (4.15) and (4.17). This 
lemma is independent of the domain T> n . 

Lemma 5.12 

Let = C v cif L — Cc*, with pointwise multiplication, where C c * is the smooth continuum covariance in K 3 
of Corollary 1.2. Define 

a c * = 2 / dy vfj{y), b c * = 4 / dy vfj{y) 

Jr 3 Jr 3 

We have that a n ,b n ,a„,b„ are strictly positive. Moreover there exist constants cl independent of n such 
that 



\a. 



< cl, \b n \ < cl, |a c *| < cl, 



I b c * I < C L 



(5.90) 



and 



\a n - a„\ < c L L-" n , \b n - M < CLL-" n (5.91) 
where q > is as in Therem 1.1. 

Remark : The convergence rate estimates (5.91) play no role in the estimates of the present section. They 
are used in Section 6 for the existence proof of a global renormalization group trajectory. 

Proof 

From (4.16), for p = 2, 3, using C n . L = T niL + C n+1 

= c'Il - c p n+1 = r„ ;L (r^ + P r p n : L 2 c n+1 + 5 p ^c 2 n+1 ) (5.92) 

with pointwise multiplication. The positivity in Fourier space of the integral kernels on the right hand side 
implies that a n > 0, b n > as claimed. The common factor of T n ^L{x) which has finite range 1 implies that 
v^n+i{ x ) h as support in the unit ball in (5„ + iZ) 3 . From Theorem. 1.1 and Corollary 1.2 we have that t>^ +1 
above are uniformly bounded in L°°((<5 n +iZ) 3 ) by constants cl- By the same arguments v„ has finite range 
and belongs to L°°(IR 3 ). The uniform bounds in the first part of the lemma now follow. 
By the same arguments using C*.l = T„ + C c « we have that a c * > 0, b„ > and vi*\x) has support in the 
unit ball in R 3 . Moreover using Corollary 1.2 we have ||vc*^|| c jc^ 3 ) < c k,L for all k > 0. 
Define 
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J(5 n+1 Z)3 JK 



(v) 



(5.93) 



(v) (v) 

Then using the compact support property of and v c * we get 



\a^-a£\<\\v% 1 -v&X 00{{Sn+iZ)3) + 



dyvif(y) - I dyvfj{y) 



,(p)i 



'(5„+lZ)3 

We estimate the first term on the right hand side of (5.94). We have 

- v{ £ > \\ L -((8 n + l 'LY) - W C c*,L ~ C 'n,LllL-((5„ +1 Z)3) + W C c* ~ C n+l\\ L°° ((8 n+1 l 



(5.94) 



3 ) 



(5.95) 



In the first term on the right in (5.95) we factor out C„.l — C n ,L and in the second term we factor out 
C c * — C„ + i. Then use of the bounds in Corollary 1.2 gives 



1*4+1 - V ^\\L^{(S n +iZ^) ^ Cl -p L 



(5.96) 



We estimate the second term on the right in (5.94) using Lemma 6.6 of [BGM] and the compact support of 
v„. This gives 



/ 

J(s n+1 Zy 



dyv ( £>(y) - / dyv { c*{y) 
JR 



<o(i)<WI 



^ ) || C1(R 3 ) < C L 



(5.97) 



From (5.94), (5.96) and (5.97) we get with q that of Theorem 1.1 

k p) -a^| <c L , p L-« n 
which completes the proof of the lemma. ■ 
Lemma 5. IS 

Under the conditions of the domain V n there exist constants C p> l independent of n such that 



(5.98) 



\\Qn{e- V --e 



h,G K , p ,A p ,s n ^ C L , p g 3/4 



(5.99) 



IIQ«( e ^- e ^)llh,^, p ,^, 5 „<CL,pff 3 



(5.100) 



Proof. The proof is on the same lines as that of the corresponding Lemma 5.13 in [BMS]. It follows from 
Lemmas 5.11, 5.6, 5.10, and 5.5 which are lattice equivalents of the corresponding lemmas in [BMS]. ■ 

Lemma 5.14 

Under the conditions of the domain V n there exists constants Cl independent of n such that K n {\) given 
by (4-10) satisfies the bounds 



\Kn(X)\\ h ^ M < C L \X9^/ 3 \ 2 for |A^ 4 -"/ 3 | < 1 



(5.101) 



\\m)h„G. M < C L \Xg^-^\ 2 for |Aff"/»-i/3| < 1 



(5.102) 
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Proof. This follows from Lemmas 5.11 and 5.13 and the hypothesis (5.5) on R n . ■ 

The following proposition shows how fluctuation integration of polymer activities passes through h and h* 
norms. It will be put to use in the subsequent lemmas. 

Lemma 5. 14 A 

1. Let K(Xs n , ip, (, ip, rj) be a polymer activity (see(5.24) and (5.25)) with norms defined as in (5. 26)- (5. 32). 
Let h = (tiB,h,F) and h* = (tiB*,tiF)- Let K$(Xs n ,(p,ip) — J^A i r„(C) d/J-r n {v)K{Xs n , <P, C ^ v)- Then for 
Iif sufficiently large depending on L we have 

|^ S (^J|h, < J d/ir B (OII^(^».0,C,0,0)|| h . (5.103) 

\\K*(X Sn ,<p,0)\\h< f dnr n (O\\K{Xsn,<P,C,0,0)\\ h (5.104) 
where the norms on the left hand side are as in (2.16)-(2.18). 

2. Let K(X $ n ,(p,tf>) be a polymer activity in il°(X $ n ). and let K$(Xg n ,tp,ip) = J d/Jr n (C)diJ,r n (v)K(^s n , f + 
C, ip + rj). Let h = {hs, ^f-) and h» = (/is*, ^-) Then for hp sufficiently large depending on L we have 

\K\X 5n )\ K < J d» rn (()\\K(X Sn ,t,0)h, (5-105) 

\\K*{X Sn , V ,0)\\i< f d»r n (Q\\K(Xs n ,<P + C,0)h (5-106) 
where the norms on both sides are as in (2.16)-(2.18). 

Proof: We get from the representation (5.25) and using the notations introduced there ((5. 24), (5. 25)) 



K\X Sn ,^) = / ^r„(C)[E E Wl mnjciMjinjcM X 

JC{1 p} 

/ dxdy J Dpf' /J ^:(X ( 5„,^,C,x/,x/c,yj,yj c )-0(x7)-0(yj)detr„,7c i jc(x7c,yjc) x (-1)" (5.107) 

Note that |/ c | = \J C \ since \I\ = |J|. The matrix detr nJ c jc is an |/ c | x |/ c | square matrix whose entry 
{Tnic,jc) rs is given by 

( r n/S,/0rs = T„(a; r - y s ) (5.108) 

for r e I c , s G J c . (— 1)" is a sign factor which it is not necessary to specify. It may change from line to line. 
We have 



J p>0 'c{i p} 11-1 MM I" 

Jc{i p} 

f d X dyD^Df JJ K(X Sn ^X^i,^,yj,yj';f x n92 3 (^i,yj)det rn j.^( Xl .,yj^ x (-1)«1 (5.109) 

Jx Z 

By definition ff2j(x/,yj), (note that |/| = |J| = j), is antisymmetric in the members of x/ and in the 

members of y,j. The determinant is antisymmetric in the members of x/c and in the members of yjc 
Therefore the function 

(g 2 j ® detr n ,7=,jc)(x7,X7c,yj,yjc) = 5f2j(x7,yj)detr n ,7c i jc(x7c,y J c) (5.110) 
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on X' S J x X.\ ' x Xg ' x Xg ' = XgP is an admissable test function for the norm defined in (5.26), (5.27). 
Hence we get from (5.109) and (5.110) 

h 2 J „ , „_-,„,„ ...„../-. ,.r^ ^ . „ ^' 7| 



£> 2 ^ m A'»(X 4n , v >,O,/ xm , fl 2 J 0| < [d»r n (0[E E 



p>0 'c{i p} 

JC{l,...,p} 



We have 



||I> 2p ' /J ' m £(Xi n ,y>,C,, 0,0)|| Y[\\mcHx 5n) ||32,®dct r „, /sJ c|| c2(x?P) ] (5.111) 

j=i 

||g 2 j ® detr n ,/c,jc|| c2(x 2 P) < ||52j|| C 2 (x |j ) ||detr n ,/c iJ c|| c2(x 2( !) _j )) (5.112) 

where X 2j n = X^ x X l s J J and xfj~ j) = X^ 1 x x\ J J, since |/| = |J| = j and |/ c | = |J C | = p - j. 

Let c>5 be the lattice forward derivative of order k in multi- index notation. By part (5a) of Theorem 1.1 we 

have 

ma| 4 ||$ B r n || i0O((4BZ)S) < C L (5.113) 

where Cl is a constant independent of n. Relabel (£i, £ 2 (p-j)) = { x i, ••) x \i c \, 2/i> ■■> 2/| j|<0 where the 
e J c and the yj € J c . Let now <9^ be the forward lattice derivative of order k r , < k r < 2 

with respect to the points £ r . Let k = (fci, k 2 ( p -j)) and define df n = Ilr=i ^^- ^et dg act 
on the determinant. This produces another determinant with derivatives acting on the matrix elements 
T n (x r — y s ). Since T n is positive definite these matrices can be written as Gram matrices by a stan- 
dard argument. Thus the matrix a rs = dg^dg^T n (x r — y s ) with (x r ,y s ) € Xg n x Xg n can be written 

k - k ~ 

as a rs = {fr,98) L nr,g n Z)3) where /,.(■) = d s ^T%(x r ,-) and g s (-) = d 5 *r%(-,y s ). Gram's inequality says 
|deta rs | < Ilr=i ll/»"lli=»((«„Z)3) Ila=i ll^«lli=»((«„Z)s)- Wc have \\M\lms n Z,)») = d t d t Tn ( Xr ~ x s)\r=s- Simi- 
larly \\9s\\ 2 L2{{SnZ)3) = d^d^T n (y r -y s )\ r=s . Since 2k r < 4, we have by (5.113) the bound \\fr\\ 2 L2{{SnZ)3) < 
C L . Similarly \\9s\\ 2 L2 ^ Sn % )3) < Cl- We therefore get 

\dl detr„ 7 c jJ c(x / c,y J c)| < C p L ~ j (5.114) 

Hence 

||det r nJ c,j. Wci^-i^ <C p ~ j (5.115) 
From (5.114), (5.112) and (5.111) we get 

h 2 J ,, „ „- ™ , „ . f , , L , Tr-i v-^ „ „ fCj,^ — „• ll'p 



^iiz^-^„^o)ii< /«) E E ^i^m4f )p "W 



JC{l,...,p} 

\\D 2 v> IJ > m K{X 5n ,y,t,,0,0)\\] (5.116) 

Now choose Iif sufficiently large depending on L such that h 2 F > Cl which implies that {j^Y - ^ < 1. Putting 
in this bound and then summing over j we get 

g #||D ^, (x ,., v , 0)l < / *r.(fl[E E '-.I'lffife" 

JC{1,...,P} 
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\\D^ IJ ' m K{X 5n ,ip^,,Q,Q)\\] (5.117) 



Set if = in (5.117). Multiply both sides by and sum over to, < to < toq. Majorize by dropping the 
constraint <5|/|,|j| on the right hand side. This gives 

\K*(X Sn )\ b , < J ^r n (C)ll^(^„,0,C,,0,0)|| h , 

On the other hand multiplying both sides of (5.117) by and summming over m, < m < to gives 

\\K*(X Sn ,<p,0)\W< J dnr n (O\\K(X Sn ,ip,(,,0,0)\\h 
This proves the first part of the Lemma. 

We next turn to the second part of the Lemma. This is a consequence of the first part and Lemma 5.4A. 
Define K(Xs n ,f, (, ip, v) = K(Xs n ,ip+C,ip+r)). Then from (5.104) of the first part and (5.34) of Lemma 5.4A 
we have 

\\Kt(X Sn ,ip,0)\\f l =\\K i (X Sn ,ip,0)\\ {i < J dfjLr n (O\\K{X Sn , V ,C,0,0)h 

< J d^ rn (()\\K(X Sn ^ + (,0)\\ h 

which proves (5.106). (5.105) follows similarly by using (5.103) of the first part followed by (5.35) of 
Lemma 5.4A. ■ 

The following lemma generalizes Lemma 5.15 of [BMS] to the lattice and the additional presence of Grass- 
mann fields. It will play a key role later in obtaining contractive estimates. 

Lemma 5.15 

For any polymer activity K(X$ n , <j> + £, ip + r/): 

\\K(X Sn ,C,0)\\ h , < 0{l)G p , K (X Sn ,Q [\K(X Sn )\ h , +h B m "h^\\K(X Sn )\\ h ^] (5.118) 

\\k(Y Sn ,<f>,0)\W < 0(l) e 7§/ ^^ d " W(y))2 G K (Z 5 „^) [\K(YsJ\ h + L- m ° d °\\K(Y s J\\ hF , LdshB ^ 

(5.119) 

\K*(X6 n )k, < 0(l)2'^l [\K(X s J\ h , +h B m °h™°\\K(X s J\\ h , GK } (5.120) 

WkHXsJh.o^ < 2\ x *n\\\K(X Sn )\\ h ,G H (5.121) 

where G P . K is as defined in (5.19), and m = 9 is the maximum number of derivatives appearing in the 
definition of Kernel and h norms. In (5.119), Y$ n , Z$ n ,j are as described in Lemma 5.1. Moreover in the 
above norms h» = (hp,hB*), and h* = (-j^/ib*) where hs* — (pn)^ 1 / 2 , h = (hp^s), h = (^,hs), 
hs = cg^ 1/>4 , c-O(l) very small, and hp is taken to be sufficiently large depending on L. 

The superscript jj stands for d/ir n (C) integration, p is chosen as in Lemma 5.3, and k as in Lemma 2.1. Note 
that we have that the constant C(p, K,j) appearing in Lemma 5.2 ( this bounds satisfies 

C(p,K,j) = h B *0(l) j (5-122) 
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Proof 

We will first prove (5.118) following the lines of the proof of lemma 5.15 of [BMS] where the Grassman fields 
were absent. Recall from the definition in (5.30) that 



mo h r 



||A-(X 4B ,0,0,C,0,0)|| h . = E -^A m (5.123) 

where 



m! 

m=0 



A m = h F^\\D 2p ' m K(X Sn , 0, 0, C, 0, 0)|| (5.124) 

p>0 

First conside the case m — m . Then 



A mo < hZhs mo \\K(X Sn \\ h ^G P!K (5.125) 



since G K < G P . K . Now let to < mo. 

We expand in £ in Taylor series with remainder 



mo— m— 1 

(D 2 P- m K)(X Sn ,C,0;f xm ,92n) = E -(D 2p - 1+m K)(X Sn ,0,0; f xm ,( xi ,92 P )+ 

3=0 - h 

+ 7 7T7 / ds(l - S ) m "- m - 1 (D 2 ^ m K)(X Sn , s(, 0; f xm , g 2p ) (5.126) 

(m - to - 1)! J 

Therefore 



mfl-m-l 

\\(D^K)(X 5n ,C,0)\\< E 7T ll(^ 2p ' j+m ^)(^„,0,0)||||C|| J C2( ^ } + 

+ (mo _ 1 m _ 1} , j^a - s r o - m - 1 iiciig 3 v£„)ii( D2p,mo ^)(^'<'°)ii 

Hence 

mp -m — 1 / • i \| 

^™ — E y ^ 1 ^IICII J c. ( ^)ll^*.)lk+ 

+ toKto! , - to - 1)! I " S ) m °~ m ^l m ° ^ l) IICIIc 2 (7;jll^(^JIIh, G .G^(X 5 „,<) 

By Lemma 5.2, with £ replaced by \/l — s 2 (, and (5.122), 

VJCII^j < 0(iyG p , K (X Sn , v / T^C) (1 _^. /2 (5.127) 

where < s < 1. With s = this bound is applied to the terms in the sum over j. For the Taylor remainder 
term take j = to — to and note that (1 — s )( m o-m)/2-i j s i n tegrable since m > to. Hence: 
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A m < om f „(x,0 [-g ' ^ll^JIk + J^l'^Zy. I*(*->U* 



< 



0(l)G p , K (X,C)[||TOJ|| ht +/ l ^V n °ll^(^JIIh,G„ 



Summing (5.128) over < to < to — 1 and adding (5.125) proves (5.118). 

Inequality (5.119) is also proved in the same way as (5.118). We are estimating the h norm which is given 
by (5.34) with replaced by h, hs* by hs and £ by ip. We replace G PtK by G K . Then (5.125) remains 
true with £ replaced by ip and G PiK replaced by Gk- Subsequently for m < too we expand in Taylor scries as 
above but now in ip. We do the norm estimate as above but now using Lemma 5.1 in place of Lemma 5.2. 
For e sufficiently small depending on L we have g sufficiently small and therefore h^ 1 is sufficiently small. 
Hence hg 3 C < 0(1) where C = k~^ 2 0(1) is the constant appearing in Lemma 5.1. In the Taylor remainder 
term we replace lis by L ds hs- which leads to the factor L- m o d s . 

Finally note that the inequality (5.120) now follows on using (5.105) of Lemma 5.14A, followed by (5.118) 
and then Lemma 5.3. (5.121) follows from (5.106) of Lemma 5.14A on using the stability of the large field 
regulator G K . m 

The next lemma extends lemma 5.16 of [BMS] to the case when Grassmann fields are also present. 
Lemma 5.16 

For any q > 0, there exists constants cl independent of n such that for L sufficiently large, e sufficiently 
small and Hf sufficiently large depending on L, 

\\S{\Kj\\^ GMn+1 < q when IXg 1 / 4 '^ 3 ] < c L (5.129) 

|<S(A, K'„) 1, |h»,^ f) ,5 n+1 < q when |A5 n / 12 ""/ 3 | < c L (5.130) 

where h* = (hB* 1 hp) and \ denotes integration with respect to d^Y n L {Q> ^n,L = S^-iTn being the rescaled 
fluctuation covariance. 

When R n = we may set rj = in (5.129) and replace Xg 11 / 12 ^^ by Xg 1 ' 2 - 5 / 2 in (5.130) 
Proof 

We suppress the dependence on A which plays a passive role in most of the following and make the dependence 
explicit towards the end when necessary. We will apply the first part of Lemma 5.14A to the the reblocked 
polymer activity BK n (LZ$ n , Sl&, = BK n (LZs n , SlP, Cj Sl^, v) which is a functional of K n and P n where 
K n (Xs n ,(p,(i' l Pi' n ) — Kn{Xs n ,(fi + (,ip + rj) ( see the definition of reblocking in section 3.1). Recall the 
definition of rescaled polymer activities and rescaled covariances given by (3.22) and (3.21) in the Appendix 
to section 3. The rescaled, reblocked activities are defined by (3.25). We get by virtue of (5.104) and (5.103) 

\\S(K n ))\Z 5n+1 ,ip,0)\\ h < J d^ L (()\\(S L BK n )(Z Sn , p,(,0)K (5-131) 

\S{K n ))\Z Sn+l )W, < J d^ ntL (OUS L BK n )(Z Sn ,0,C,0)\\ h , (5.132) 

We now prove (5.129) starting from (5.131). This follows the lines of the proof of Lemma 5.16, [BMS]. 
Unfortunately, in the latter proof a minor error crept in W and we take this opportunity to correct it. 
Inserting the definition (4.11) in (5.131) and using the multiplicative property of the h norm we get 



W A. Abdesselam, private communication 
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N+M>1 



/-■ — r N - , -i-rM 

^r„,L(C)n, = 1 !l^(^ V, 0)|| h n i=1 l|f , n,L(i- 1 A 4 „, i ,^C,0)|| h 



whence 



||(5(^„)^)(Z 5n+1 ,^0)|| h <2l z ^ +1 l ]T -J_£\ [d^ n (OG K , p (X Sn UA Sn ,S L ^(P 



N+M>1 



n^ii^^oiih^^n^ii^^^iih,,^ (5-133) 

where = (L~ ds hB,L~ ds hF), = \jXs n j, As n = L)As n ,i and we have bounded e~ Vn - L using lemma 5.5 

which continues to apply. 

Lemma 5.4 bounds the ( integral by 

2 |X,„ U A,„ | u A ^ ( < 2 I X ^ U A,„ | ^ (£-1 (XtfB+1 U A tfn+1 ) , <f>) 

M N 

<Y[2\ x ^\Y[2\ A ^\G K (Z 5n+1 ,^) 

3 = 1 i=l 

since L _1 (X,5 n+1 U A$ n+1 ) C Zg n+1 . Moreover for L sufficiently large 

ll^(^)ll hL ,G K , p < WKniX-M^ < ll^(^)llh,G., p 

where we have used Lemma 5.4A, (5.34) in the last step. Therefore 

II(^)^)(^ +1 )IIh,g.<2'^ +1 I E nZ^'^^'ll^^^lH^x 

7V+M>1 



ILi 2lA * ,,ll » p ^ A4 -*)»^ 

From this point on we proceed as in the proof of Lemma 5.16, [BMS], the only difference being is that now 
we are on a lattice. The condition on the sum over the polymers above implies that Z$ n = (UL~ 1 X|' .) U 
(UL _1 Af nji ). This also implies that Z Sn+1 = (U-L _1 X£ •) U (UL^A^ J. 
Multiply both sides by A p (Zs n+1 ) and observe on the right hand side 



•A p +i(Zs n+1 ) < I I _ A P+1 (L Xj.s ri+1 )[\_ Ap + i(L A Sn+ui ) 

< 0(1) ^V+M-Q M A _ 2{Xjt5n+1 )l[ N _ ^_ 2 (A 5B+lli ) 



where we have first used the fact that the L-closures of the polymers are connected by definition of the 
reblocking operation, then Lemma 2.2 together with |X;,5 n+1 | = |-Xj',5 n | and |A 4n+1; j| = |Aj n) i| . The last 
observation follows from our definition of polymers in section 1.3 and (1.75). Therefore 



\\{s{K n f){z 5n+1 )\w, GK A p {z Sn+1 )< wwPW N+M Y. 



N\M\ ^(Xj),(A 6nii )->LZ 
N+M>1 
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Fix any A^ n+1 and sum over Zg n+1 3 Aj n+1 . This fixes on the right hand side the sum over Z$ n 3 A$ n 
with As n fixed by restriction. The spanning tree argument of Lemma 7.1 of [BY] controls the sums over 
N,M,Zs n , (Xj,s n ), (Aj ; 5 n ) — ► LZs n with the result ( we have now made explicit the dependence on A) 

\\(S(X,K n n\^ GMn+1 < 0(1) ]T 0(l) N L 3N (\\K n (X)\\ h ^ p ASn + \\P n (X)\\ h ,G KM ) N 

N>1 

The proof of (5.129) is completed by Lemmas 5.8 and 5.14. When R = we can use Lemma 5.8 and replace 
Lemma 5.14 by Lemma 5.11. 

To prove (5.130) we start from (5.132) and proceed as before. We replace G KiP by G KiP and then use 
Lemma 5.3 to estimate the £ integral. We use (5.35) of Lemma 5.4A. Proceeding as before now leads to 

\(S(X,K n n hMn+1 < 0(1) ]T 0(l) N L 3N (\\K n {\)\\^ piAtSn + \\P(x)\\ h ^ p , A ,s n ) N 

JV>1 

Now use Lemmas 5.8 and 5.14 to complete the proof of (5.130). Finally when R = use Lemmas 5.8 and 
5.11 as before. ■ 

Estimates on relevant parts and flow coefficients from the remainder 

Let (ot n ,p) be the coefficients (a n ,2,o, a n ,2,i, & n .2.l&nA) defined in (4.43) and (4.61). The flow coefficients 
£n,R, PnM are given in (4.53). 

Lemma 5.17 : Under the conditions of the domain V n we have 

l^lh^A, < 0(1)5 11/4 -" (5.135) 
|<pUa<0(1)s 11/M (5.136) 



\U <C L g n ^ (5.137) 
\ Pn \ < CLg 11 '^ (5.138) 

where the constants C'l are independent of n and e 

Proof 

(5.134) follows from (5.7) and Lemma 5.15, (5.121). (5.135) follow from (5.8) and lemma 5.15 with m = 9 
and £ sufficiently small depending on L so that g is sufficiently small. In fact in lemma 5.15 (with K = R n ) 
the first term has the desired bound by (5.8). By (5.7) rogether with hg 1 — cgi and hs* = /i_b*(L) we see 
that the second term is bounded by 0(l)gi h'g^g 11 / 4 " 11 < g 11 / 4 "^ for g sufficiently small. 
Recall that a n ,p(Xs n ), are supported on small sets. Then (5.136) follows from (4.61) and (5.135). In fact 
the dominant contribution comes by setting V n — because the difference gives additional powers of g. Then 
we have 

IK.pIUa, < 0(l)n(P)!h,-" (P) |l SJ R» | £ 
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where n(P) is the number of fields in the monomial P, we have used the shorthand notation h* = 
max ri (p) F+n ( pj B =n (pj ' P ' B /i F n ' P ' F ) and I5 is the indicator function on small sets. Now use (5.135) to 
get (5.136). (5.137), (5.138) follow from (5.136), the definitions (4.53), (4.51) and Wick coefficients C n (0) 
are uniformly bounded by a L dependent constant by Corollary 1.2. ■ 

Lemma 5.18 

Under the conditions ofV n and e sufficiently small depending on L, there exists a constant Cl independent 
of e and n such that 

\g n+1 -g\< 2vf/\ | Mn+1 1 < C L f- s (5.139) 

Proof : 

It is convenient to define 

9n = 9n ~ 9 

Then from the flow equation (4.39) for g n and the definition of g in (5.2) we get 

g n+1 = (2 - L e )g n + f„ (5.140) 

where 

in = -L 2e a„gl - L 2£ (a n - a„)g 2 n + (5.141) 
From Lemma 5.12, Lemma 5.17 and g n G V n we get for e sufficiently small depending on L the bound 

\U<C L g 2 (5.142) 

Therefore 

|5„+i| <ug((2-L') + ^g) (5.143) 
For e sufficiently small depending on L we get 

|(1-L £ ) + ^.9|<1 (5.144) 
Therefore |g n +i| < ^ v 9 which proves the first inequality of (5.139). 

The bound on fi n +i follows from the second of the flow equations (4.15), on using /j, n , g n belong to V n , 
Lemma 5.12 and the bound (5.138) on p n . ■ 

As stated in Theorem 3.1 borrowed from [BDH] the assumption of stability of the local potential with respect 
to perturbation by relevant parts (see (3.18) ensures the extraction estimate of (3.19). The following lemma 
proves the stability for the case at hand, namely that of V^,l(A„ + i) with respect to the relevant part F n 
defined in section 4. 

Recall from (4.12) that F n (X) = \ 2 Fq^ + X 3 F Rn and from (3.15) that (each part of) F n decomposes: 
F n (X Sn+1 ) = EA in+1 cx in+1 F n (X Sn+1 ,A Sn+1 ). 

Lemma 5.19 

For any R > and £ := i?max(|A 2 |g, \\ 3 \g 7 / 4 ~ v ) sufficiently small, 



h 



G K < 2 (5.145) 
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where z(X$ n+1 ) are complex parameters with \z(X$ n+1 )\ < R. 



Proof 

It is easy to see that Lemma 5.5 still holds if we replace V n by V n , l provided e is sufficiently small. This 
implies that g is sufficiently small. We then have 



-V^(A n+1 )-£ X5n+i + i z(X Sn+1 )F(X,X 5n+1 ,A n + : 



h 



< 



-5/4/ dx(| V (x)| a ) a +X)- DA _ Ll «||J-(A,JC, B+1 ,A n+1 )|| h 

2e Ja " +1 ^ x 5„+i= A n+i + (5.146) 

Recall that the relevant parts F(Xg n+1 , A n+ i) are supported on small sets X$ n+1 . The proof now follows 
easily from the following 

Claim: For e sufficiently small 

|^(X 5n+1 )|||F(A,X 5ti+1 ,A„ +1 )|| h <C^^ d 3 x(l^)| 2 ) 2 +.9 1/2 Hk| 2 ||A„ +1 a,5 + l^ (5.147) 

where ||<^||a„ + i,i,5 i s the square of the lattice Sobolev norm defined in (2.1). 
Proof of the Claim: 

Wehave||F(A,X 4 „ +1 ,A n+1 )|| h < |A| 2 ||^ Q (^„ +1 , A„ +1 )|| h + |A| 3 ||^(X 5 „ +1 , A„ +1 )|| h . 

Consider (4.27)-(4.31). Undo the Wick ordering on the superfield field and note that, by virtue of supersym- 
metry, no field independent terms arise. The m — 1 term in (4.30) remains unchanged and in the m = 2 case 
there results an additional contribution — 2C„+i(0)$$. The Wick constant C n +i(0) has a uniform bound C 
which depends only on L by Corollary 1.2. We write this in the Grassmann representation and notice that 
for the m = 2 case the ^^(x) 2 contribution vanishes by statistics. From the definition of the h norm with 
h b = cg -1 ^ 4 and hp = hp(L) we get the bound 

\\F Q (X 5n+11 /\ n+1 )\W<C L f( ( d 3 x||(M 2 ) 2 (x)||, lB sup \f£\x Sn+1 ,x,A n+1 )\ + 

WA„ + i i£A„ + i 

(7 d 3 x\\(\<p\ 2 )(x)\\ hB +l) ]T sup \fW(X Sn+1 ,x,A n+1 )\) 



Now for m = 1, 2 



g / d 3 x\\(\^r(x)\\ hB < 0(1) g / <2 3 x(M 2 ) 2 (x) + 1 

^A n+ i V JA„ + i 



From the definition (4.31) and the estimates obtained in the course of proving Lemma 5.12, we have 

Am), 



sup \f™>(X Sn+1 ,x,A n+1 )\<C L 



Therefore 



|A 2 ||z(^„ +1 )| \\F Q (X Sn+1 ,A n+1 )\\ h <C L R\X\ 2 g^g dx(\^\ 2 ) 2 (x) + l^J (5.148) 
Next consider Fp n , supported on small sets, defined in (4.43), (4.46). Recall (4.48), 
F fl (X« B+1 ,*)=2 / dx a P (X 5n+1 ,x)P(&(x),d Sn+1 &(x)) 

P JA»+i 
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By Lemma 5.17 and (4.49) we have \a P (X Sn+1 , x)\ < C L g n ^- v , so that 

\\\ 3 \z(X Sn+1 )\\\F R (X Sn+11 A n+1 )\\ h <C LJ R|A|V 1/4 ^E / dx W p (*(x),d6 n+ Mx))K 

P M„ + i 

<C L R\X\ 3 f/ 4 ^ [gj^ dx {\<p\ 2 f{x) + g 1 



l / 2 \\\,n\ 2 



¥»riiA n+11 i,5 + i 

The claim follows by combining this with (5.148). In the above inequality the Sobolev norm when estimating 
the term giving arise to 09^^^. We bound \4>ds n:IJ ,4>\ < l/2(\\Lp\ 2 \ + \ds rlyl _ l <j>\ 2 ) and then use the lattice Sobolev 
embedding inequality. ■ 

Lemma 5.20 

For any R > and £ :— i?max(|A 2 |g 2 , |A 3 |g 11 / 4 ~ r ') sufficiently small, 

| e -^)-^ l3Vl ^(^ + ^(A,^ +1> A„ +1)| ^ ^ ^ (5 i49) 

w/iere z(X) are complex parameters with \z(X)\ < R. 
Proof 

The proof is similar to the previous one except that we can use the estimate \F(X,X, A)|h„ < Cl£, in place 
of (5.147) since the h* norm is computed with field derivatives at $ = 0. ■ 

We will now bound the remainder i? n +i given in (4.41). It consist of a sum of four contributions, namely 
^n+i.main, Rn+i , linear i -Rn+i,3 and R n +\^ which we will estimate in turn. These estimates parallel those 
obtained for the continuum bosonic theory in [BMS]. 

Recall from (4.36) that 

i?„+i,mai„ = ^ / ^ ( 5 ( A > Qne- V -)\F Qn (A)) (5.150) 

Lemma 5.21 

||J?„+l > main||h,G„ > A5n + i < C L f /4 (5.151) 

|i?„+l,main|h„A5n +1 < C L f- 35/2 (5.152) 

Proof 

The proof is identical to that of Lemma 5.21 of [BMS] except that we replace e by g, put in lattice subscript 

n where appropriate, and note that the field independant piece F is now absent. We apply Theorem 3.1 

(which is a restatement of Theorem 5 in section 4.2 of [BDH-cst]) instead of Theorem 6 of [BDH-est]. ■ 
Recall from (4.38) that 

fln+i,3 = ^~ jf A4( ^_ Y) £(s{\,K n )\F n {\)) (5.153) 

Lemma 5.22 

||^n+i,3||h,G„,A5n +1 < C'Lg 1 - 4 ^ 3 (5.154) 

|i? n+ i, 3 |h„A5„ +1 < C L g 10 / 3 - 4 ^ 3 (5.155) 
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Proof 

The proof follows the lines of that of Lemma 5.21. To prove (5.154) we take the contour 7 to of radius 
|A| = cl5~( 1//4 ~' ) / 3 ). This ensures that the hypothesis of Lemma 5.16, (5.130) is satisfied and £ of Lemma 5.19 
is sufficiently small so that stability holds. (5.154) now follows from the extraction estimate (3.19) and the 
Cauchy bound as before. To prove (5.154) we take 7 to be of radius |A| = c^g^ 5 / 6-1 '/ 3 ). Then for g 
sufficiently small the hypothesis for (5.130) of Lemma 5.16 is satisfied. Moreover then £ of Lemma 5.20 is 
sufficiently small and and Lemma 5.20 holds. (5.154) now follows from the extraction estimate (3.20) and 
the Cauchy bound as before. ■ 

From the definition of R u +ia m (4.40) we have 

Rn+i.4 = (e~ Vn+1 - e _Vn - L ^Q(C n+ i,w n+ i,5„ + i) + e~ Vn - L Q(C n+1 , w n+1 , {g 2 n+1 - g 2 n L )) 
Lemma 5.23 

\\Rn+\AW,G K ,A,5 n +i < Ci5 3 ^ 2 \Rn+lA\h,,A,8 n+l < Cl§ 3 



Proof 

The proof is the same as that of Lemma 5.23 of [BMS] except that we replace e by g, insert lattice subscript 
n as appropriate and use the lattice counterparts (that we have already established) of the lemmas exploited 
in [BMS] for the proof. ■ 

Lemma 5.24 

Let X$ n be a small set and let J{X$ n , $) be normalized as in (4-59). Recall that the rescaled activity Jl is 
defined by J^{L~ l X$ n+1 ,<p,ip) — J(X$ n ,ip L -i,ip L -i) where tp^-i = Sl<P and ip^-i = SliP- Then we have 

1. For2p + m = 2 so that (p, m) = (1, 0), (0, 2) 

\\D 2p - m J L (L~ 1 Xs n+1 ,0, 0)| < 0(l)L-^/ 2 \\D 2 P- m J(X Sn , 0,0)|| (5.156) 

2. For2p + m = 4 so that (p, m) = (2, 0), (1, 2), (0, 4) 

WD^ML^Xs^, 0,0)|| < 0(l)L-^\\D^ m J(X S7l , 0,0)|| (5.157) 



Proof: In the proof of this lemma we will need to use the lattice Taylor expansion introduced in (5. 13), (5. 14) 
and (5.15) with a particular choice of a lattice path joining two points. The polymer X$ n being a small set 
is connected. It can be represented as X$ n = X D (<5„Z) 3 where X is a continuum connected polymer which 
is a small set. By the argument in the proof of Lemma 5.1 it suffices to consider the case when X$ n is a 
block. Then the lattice path lies entirely in Xs n ■ 

Let Uk be a function defined on (X s J) k for k > 2. In the following u is one of the test functions of subsection 

~ (2) 

2.2. Thus u will represent either one of the functions fj defined on X^J giving a direction for a bosonic 

derivative or a function g 2p defined on (X^) 2p = (Xg^) p x {X^) p associated with a fermionic derivative 
of order 2p. Note that g 2p is restricted to be antisymmetric in the sense explained in the lines preceding 
equation (2.12). The C 2 (X$ n ) norms of these functions for k = 1, 2p are defined as in (2.14) and (2.15) of 
subsection 2.2. 

We recall the definition of the rescaled function 

S L u k {x) = u ktL -i(x) = L- kd °u k {-) 
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Observe that 

\\ u k,L-A\c 2 (x h 5 j < i_fcds ll u fcllc 2 (L- 1 x^ +i ) (5.158) 

Let ei, e2, , e^ k be the basis vectors of (<5„Z) 3fc . Let x = X)i=i( x i e i) e i denote a point in Xg . Fix a point 

xq e X| . We write x — xq = S n 5^ i=1 hiEiei where /ij are non-negative integers and e% = sign(a; — xo)i- 
From (5.15) we have 

3fe 3k hi-lhj-l 

u k ,L-i(x) = u k ^ L -i(x ) + ^2((x - x ),e l )d8 n ,e t e,u k x-i(x ) + 5lY^ Y 

i—l — 1 Si— Sj— 

ds n ,e l e z ds n . £] e 3 U k}L -i(x + p J (p l (x - £ , Sj)> s j)) 

The argument of u kL -i in the last term lies entirely in Jt| since X$ n is a block. 
Define 

3k hj-1 

Su k<L -i{x) =U kiL -i(x)-U ktL -i(x ) = SnY Y d S n ,e jej U ktL -i{XQ + Pj(x - Xq, Sj)) (5.159) 

j=l s j= 

and 

3fc 

^ 2 Wfe,L-i(^) = h kfL -i(x) - U ktL -i(x ) - ~ x o)^i)d8 n ,e,e z U k x-i{x ) 

i=l 

= S n Y Y Y d ^^e,ds n ,e ]e] U ktL -i{x a + Pj(p t (x - X ,Si),Sj)) (5.160) 
i,j=l Si— Sj— 

Now from (5.159), (5.160) we have using the definition of the rescaled function u k L -i 

3k hj-1 

Su ktL -i(x) = L _(1+fe_ * £) (f n ^ (ds n ,e J e J U k )(L- 1 (x +Pj(x - X ,Sj))) 

j = l Sj =0 

and for I > 1 

^„'*«fc,L-i(ic) = L-V +k *?\d Sn l u k )(L- l x) 
where for d$ n a multi-index convention is implicit. This implies that 

\\^ L -i\\ C 2 {X kj < c i L ~ (1+fc2ir£) IKIIc2(L-ix^ +i ) (5.161) 

where c\ — 0(1) since X is a small set. In the same way starting from (5.160) a little bit of work shows that 

\\S 2 u kiL -4c*(xl) < c 2 £- (2+fe ^ ) |K|| C 2 (i - lx * i+i) (5.162) 

where C2 = O(l). 

We will first prove the bounds of (5.156). 
Consider first the case (p,m) = (1,0). We have 

D 2 '°JL(L~ 1 Xs n+1 ,0, 0; g 2 ) = D 2 >°J(X Sn ,0, 0; g %L -,) = D 2 ^J(X Sn ,0, 0; Pg^-i) (5.163) 
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where we have Taylor expanded the function g 2j l-i as in (5.160) and then used the first and second normal- 
ization conditions in (4.59). Therefore 

\D 2 ' J L (L- 1 X Sn+1 ,0,0; 9 2)\ < \\D 2 '°J(X Sn ,,0,0)\\ \\^92,l-4c(x' ) 

< O(l)L-V-^\\D 2 '°J(Xs n ,0)\\ \\92\\c(L-ix* ) 

where in the last step we have used the bound in (5.162) for k = 2 This proves the case (p,m) — (1,0) of 
the lemma. 

To prove the case (p, m) = (0, 2) we Taylor expand the function /z,-i(a;) to second order, then use the first 
and the third conditions in (4.59) to get 

D ' 2 J(X Sn , 0, 0; fl 2 ,) = D°' 2 J(X Sn ,0, 0; f hL -i (x ), 6 2 f 2iL -r)+D°> 2 J(X Sn , 0, 0; 5 2 f hL -i, f 2 , L -i(x )) 

+D°> 2 J(X Sn ,0,0;5f hL -i,6f 2 , L -i) 

(5.164) 

Therefore 

+ Wf2X-A\ci(X Sn )\\5 2 fl,L-A\c?(X 5rl ) 
+ ||^/l,I,-i||c 2 (X Jn )||^/2,I,-i||c 2 (X Jn ))) 

< 0(l)L-^V 2 \\D°> 2 J(X Sn , 0,0)|| f[ Wfj\\cHL-ix Sn+l) 

i=i 

where we have used the bounds (5.158), (5.161) and (5.162) for the case k = 1. This proves the case 
(p,m) - (0,2). 

Next we prove the bounds (5.157) . For this case (p, m) = (2, 0), (1, 2), (0, 4) so that 2p + m = 4. Taylor 
expand test functions around the fixed point xo G X$ n to first order with remainder. We get for (p, m) = (2, 0) 

D 4 '°J L (L- 1 X Sn+1 ,0;g 4 )=D 4 ' J(X 5n ,0;g 4iL -i)=D 4 '°J(X Sn ,0;dg^ L -i) (5.165) 

where we have Taylor expanded the function #4,1,-1 as in (5.159) and then used (4.58). 
Therefore exploiting the bound (5.161) for k = 4 we get 

ID^ML-'Xs^, 0,0; ff4 )| < O(l)L-^\\D 4 '°J(X 5n ,0)\\\\g4 CHL - lxt ) 

which proves the case (p, m) = (2, 0). 

Next we turn to the case (p, m) = (1, 2). We have 

D 2 ' 2 J L (L- 1 X Sn+1 ,0;f x2 ,92) = D 2 ' 2 J(Xs n ,0;f^,g2,L-^ = D 2 ' 2 J(X Sn ,0;Sf^ 1 ,f {2 l 1 ,g 2 , L -i)+ 

+D 2 > 2 J(X K , 0; ftl (x ), 6f£ \ , g 2iL -i) + D 2 > 2 J{X Sn , 0; (x ), (x ),6g 2 , L -i) (5.166) 
where we have used the fourth condition in (4.59). Therefore 

l^ML^Xs^o-J^M < II i) 2 ' 2 -r(^r^, 0, o)|| (ll^i, 1 -^ ll^-c^^) ll-^i 2 -- ll^-c^^)ll^2,£,-- ll^-c^^)-^ 
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Then using the bounds (5.158), (5.161) for k = 1,2 and (5.162) for k = 1 we get 



\D 2 > 2 J L (L- 1 X Sn+1 ,0,0;f x2 ,92)\ < 0{l)L-^\\D 2 ' 2 J{X 5n M\ \{ \\f (j) \\c^x Sn) \\92\\c^L-^ %) 

1=1 " +1 

which proves the case (p, m) = (1, 2). 

Finally we treat the case (n, m) = (0,4). Let A/4 = (1,2,3,4). Then using the fourth condition of (4.59) we 
get 



D^L-^^.O.O;/* 4 ) = D^J^.O;/^) = ]T D o 'V(X 5n ,0;/ i -i( a ;o) x|J| ,«/ L x ii c| ) 

/CAT 4 ,|/|#4 

where/x| J l = (/,)| jeJ . 
Therefore 

\D°>*J L (L-'X 5n ,0,0;r*)\ < \\D°>*J(X 5n ,0,0)\\ E H^" 1 llS(*,„) Hto" 1 II 

/CAT 4 ,|/|^4 

Because of the condition on J in the above sum |7 C | > 1. Therefore using the bounds (5.158) and (5.161) we 
get 

which proves the case (p,m) = (0,4) and thus completes the proof of Lemma 5.24. ■ 
Corollary 5.25 

Let Ys n+1 = L~ 1 Xs n+1 where X is a small set, Zs n+1 = L~ 1 Xg n+i and let J(Xs n ,$) be normalized as in 
(4.59). By definition J L (Y Sn+1 ,$) = J(X Sn ,S L $). Then 



\J L (Y Sn+1 )\ h < 0(l)L-( 7 " £ )/ 2 | J(X 5n )| fi (5.167) 



\\JL(Y Sn+1 )e-^ z *n +1 \r Sn+1 ) h G ^ < 0(1)L - 



(7-0/2 



k(*«„)l£ + lk(*«„)k G , 



(5.168) 



\J L (Ys n+1 )\ h , < 0(l)L-V-^\J(X Sn )\^ (5.169) 
where (see Lemma 5.15) h = (hp, Kb), = (hp, hs*) and hp = hp/2. 
Proof 

(5.167), (5.169) follow easily from Lemma 5.24 taking advantage of the scaling present to shift from h to h. 
To see this observe that since hp = 2hp we have from the definition of the h norm 

00 m , m 

\MY Sn+1 )\ h -EE h% n ^\\D 2 ^J L (Y Sn+1 ,0)\\ (5.170) 

n— m— 

Only terms with 2n + m even contribute. For 2n + m < 4 use Lemma 5.24 and observe that 2 2n < 0(1). 
For 2n + m > 6, we have for L sufficiently large and e sufficiently small depending on L 
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2 2n \\D 2n ' m J L (Y Sn+1 ,0)\\ < 2 2n L- ( - 2n+m ^^\\D 2n > m J(X 5n ,0)\\ 

< L -(2„+m)^f^|| £) 2n,m J ^ )0 )|| 

< O(l)L-( 7 - £ )/ 2 ||D 2 "' m J(X 5n ,0)|| 

Putting the two case together in (5.170) gives (5.167). The proof of (5.169) is the same on replacing hs by 
hp*- 

For (5.168) we write 

\\J L (Ys n+1 ,3>)e-^ z *n +1 \VK +1 ,*)\\ h < ||J L (r,„ +1 ,*)|| h || e -^(^ + i\^ + -*)|| h < 



<0(l)G K (Z Sn+1 ,<P) 



\JL(Y Sn+1 )\ h + L- m ° d °\\J L (Y Sn+1 )\\ hF ^ ]hB , GK 



where we used Lemmas 5.5 and Lemma 5.15. By (5.167), and rewriting the second term by moving the 
scaling from J to the norm, 



\J L {Y Sn+1 ,*)e-^ z *« + i\ Y '« + i>*)\\ b < 0{l)G K {Z Sn+1 ,<p) 



L- (7 - £)/ V(^n)lh+i- m0d 1l^n)llh,G3 



Recall that m = 9 and the scaling dimension d s = (3 — e)/4. (5.168) now follows by multiplying both sides 
by G~ 1 (Zs n+17 (p), and taking the supremum over <p. m 



Lemma 5.26 



\F Rn e^\\ KGM <0(l)e 3 ^ 



(5.171) 



and J n — i?| — Fji n e~ Vn satisfies on small sets the bounds 



(5.172) 



\\Jnk, G3M < 0{l)gi-" \Jn\h,A,6 n < 0{l)g*-" \M^s n < 0(l)g^ (5.173) 

Proof 

First we prove (5.171). Fr„ is defined in (4.43) and (4.45), and is supported on small sets. We estimate its 
h norm as in the proof of Lemma 5.19. 

||F fln (X 5n ,*)|| h <^|< P (X 5 J| f dx ||P(*(aO,0*(aO)|| h 

<C L Y J \&nAXs n )\9- 1 (9 I dxM 2 ) 2 {x)+t' 2 \W\\ 2 x&nXa + l 



< C L J2\a n , P {Xs n )\g- 1 G K (X Sn ,ip)e 



19 L dy(\ V \ 2 f(y) 



for any 7 = 0(1) > 0. Hence, using Lemma 5.5 
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We thus obtain ( remembering that a. n ,p are supported on small sets) on using (5.136) of Lemma 5.17 for e 
sufficiently small depending on L, implying g sufficiently small, 

\\F Rn (Xs n ,*)e-Vn(Xin,*)\\ htGri ASn < CLg-^W&nMUsn < 0(l)f/^ 

p 

This proves (5.171). Now we turn to the proof of (5.172). As observed in the proof of Lemma 5.17, 
K P \& n . P \ A j n < n{P)\ |ls^lh, )Al5n < 0(l)5 11/4_,? . We have from the definition of F Rn given in (4.43) 

\F Rn (Xs n )\^ < 0(l)'Z P \a n ,p(Xsn)\K p , whence 

i^Jh,,ii„<Ei^u { >r<o(i)s 11/M 
p 

which proves (5.172). 

To get these bounds for J n = F$ n — Fp n e~ Vn we use (5.171) and (5.172) to bound Fp n e~ Vn part. We can 
substitute h for h in (5.171) since the h norm is smaller than the h norm. We bound by Lemma 5.17. 
We have also used the trivial bound | J|g AS n — ll^llfi G 3ri A 5„ to obtain the second inequality for J from the 
first. ■ 

Lemma 5.27 

||i2n+l,line«r||h,G»,^«„ +1 < 0(1)L~^ >/*f/*-V ( 5 .1 7 4) 
|i?n+l,lincar|h„A5„ + 1 < 0{l)L~^ ^f 1 ' ^ (5.175) 

Remark: This is a crucial lemma which also figures as Lemma 5.27 in [BMS] and its proof is the same. For 
the readers benefit we give the details below. The proof is based on the principle that the contribution to the 
linearized part of the remainder from large sets is very small. For small sets the expanding contributions have 
been subtracted out leading to normalized polymer activities and this is sufficient to provide a contracting 
factor. 
Proof 

Let i? ra +i i ij near , given in (4.47) is the sum of two terms which represent contributions from small/large sets 
respectively. Let i? n +i, linear, s.s denote the first term: 

^+l,linear,...(^ B+1 )= £ e'^'n+i \*W> J n , L {Y Sn+1 ) (5.176) 

Xg :small setts 

t - 1 *f n+1 =*«„ + i 

where Ys n+1 = L~ 1 Xs n+1 and J n = R\ — Fp n e~ Vn . By Corollary 5.25 we get 



\\Rn 



+1, linear, s.s 



(^„ +1 )iih, GK <o(i)i- (7 - £)/2 E 



\MXs n )\ il + \\J(X Sn 



(5.177) 



Note that Zg n+1 fixes Zg n by restriction and the sum on the right hand side is the same as the sum over X$ n 
such that L~ x Xjf — Z$ n . We multiply both sides by A(Zg n+1 ). On the right hand side we have A(Zs n+1 ) = 
A{Z Sn ) = A(X^) < 0(l)A(X 5n ) by (2.10). We fix a unit block A n+1 and sum over Z Sn+1 D A n+1 . This 
fixes by restriction to the over Z$ n D A„ on the right hand side. The argument on p. 790 of [BDH-est] 
controls the constrained sum on X§ n such that L~ x Xj- n = Z$ n D A„ by L 3 times the sum over X§ n D A„. 
Taking then the supremum over the fixed unit block gives 
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||-Rn+l,Unear,s.s||h,G K ,A«n+i ^ ^(1)L 17 e )/ 2 L 3 

< o(i)i-( 1 - £ )/v /4_,) 

where for the second inequality we used Lemma 5.26. 

The second term in (4.47)for R n +i,iinea.r which gets contributions only from large sets is 

fl n +l,linear,l.B.(^» + i) = ]T < Z '»+i \ Y 'n + i ) R \ L [L^ X 5n+1 ) (5.179) 

Xg :largc setts 

1 - 1 ^ B+1 = z '»+i 

where we have used J n = since the relevant part Fr u is supported on small sets. We first bound in the 
h norm and observe that because of the rescaling involved and Lemma 5.17 

PL^-^JHh < \\Ri(Xs n )\\ kG3 G K (X Sn+1 ) < 0(l)2\ x ^f'^G K {Z Sn+1 ) 
so that on using Lemma 5.5 for e~ Vh 

||i?„+l,linear,l.s.(^„ +1 )||h,G„ <0(l)5 3/4 " 7i ]T 2 2 ^ +1 l 

X S n _i r i :1 arge setts 

We estimate the A norm as before except that for large sets we use from (2.11) 

*4(L -1 X|^ +i ) < c p L~ 4 A-p(Xs n+1 ) for any positive integer p with c p = 0(1). Choose p — 2. Therefore 

||i? n +l,linear,l. s .||h,G K ,A5n + i - 0(l)£~ 1 .g 3 / 4 ~' ? (5.180) 

Adding the contributions (5.176) and (5.180) we get (5.174). (5.175) can be proved in the same way. For 
the small set contribution we use the kernel bounds in Corollary 5.25 and Lemma 5.26. For the large set 
contribution we first use the rescaling involved to shift on the right hand side the norm to the h* norm 
followed by the kernel bound in Lemma 5.17. ■ 

Proof of Theorem 5. 1 

From (4.41), R n+1 is the sum of i?„+i,main, Rn+i, linear, Rn+i,3 and Rn+i,4- #n+i,main satisfies the bound 
given in Lemmas 5.21. For L large and e small depending on L implying g sufficiently small C^g 3 / 4 < 
L -i/2g3/4-r, with ^ = l j QA Similarly C L g 3 ~ 3S ^ 2 < L'^g 11 / 4 - 7 ' for 5 = rj. Therefore |||-R„ + i,main||L+i < 
L -i/2^n/4-r, similarly from Lemmas 5.22 and 5.23 we get |||i?„ + ijllln+i < Z/- 1/2 <7 n/4 ~ ?? I for j = 3,4. 
Adding these bounds to that provided for -R n +i, ma in by Lemma 5.27 we have that the sum satisfies the bound 
(5.11) for L sufficiently large. The bounds (5.9), (5.10) and (5.12) have been proved in Lemmas 5.17 and 
5.18. ■ 

6. EXISTENCE OF THE GLOBAL RENORMALIZATION GROUP TRAJECTORY AND 
THE STABLE MANIFOLD 

This section is devoted to the proof of existence of the stable manifold starting from the unit lattice. 
Namely, there exists an initial critical mass /j,q which is a Lipshitz continuous function of the coupling 
constant go such that RG trajectory is bounded uniformly on all scales. The proof is complicated because of 
the presence of lattice artifacts which become inocuous if we advance sufficiently on the RG trajectory. We 
therefore prove the result by a combination of three theorems, namely Theorems 6.2, 6.4, and 6.6. We first 
iterate the RG map a finite number no of times and then restart the trajectory. Theorem 6.2 says that there 



Ur, 



h,A,8, 



+ \\Jn\ 



h,G 3K ,A,S„ 



C5. 1781 
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exists a critical mass such that the RG trajectory is uniformly bounded at all scales n > n a > 0. Theorem 6.4 
says that if no is sufficiently large then the critical mass p, no at this scale is a Lipshitz continuous functon 
continuous function of the contracting variables. The stable ( critical) manifold at scale n 0} appropriately 
interpreted for a sequence of non-autonomous maps, is constructed. Finally Theorem 6.6 says that there 
exists an initial critical mass po which is a C 1 function of go such that after no applications of the RG map 
we arrive at the critical mass p no of Theorem 6.4. Combining Theorem 6.4 with Theorem 6.6 proves the 
existence of the stable manifold starting from the unit lattice. One consequence is that the coupling constant 
g n is bounded away from uniformly in n. 

6.1. Define g n 

= 9n - 9 with g defined by (5.2) and w„ = w„-w,. Here w* is the function on U n > (S n Z) 3 
defined in Lemma 5.9. According to Lemma 5.9, w„ — > geometrically fast in W; for all Z > 0. 
We will use as coordinates of the RG trajectory 

Vn = (gn,Hn,Rn,Wn) (6.1) 

The RG map 

v n +i = /n+lK) (6.2) 
can be written in components (see (4.39), (4.42), (4.16) and Lemma 5.9) 

fln+i = fn+i,g(v n ) = a(e)g n + i n (v n ) (6.3) 

Mn+l = fn+l,n(v n ) = L~5~U n + p n (v n ) (6.4) 
Rn+1 = fn+lM.(v n ) =■ U n+1 (v n ) (6.5) 
W„+i = f n +l,w(Vn) = (V n +1 - V C) *) + W„^ L (6.6) 

with initial w = and Ro = 0. This implies that w = — w* and our initial condition is 

v a = (<7o,Mo,0, w ) (6.7) 

a(e), p n are defined by 

a(e)=2-L e = l-0(logL)e 
for e sufficiently small depending on L, and 

in(v„) = -L 2s a c *gl - L 2e {a n - a c *)(g n + gf + £ n (v n ) (6.8) 

Pn(v n ) = -L 2e b n (g + g n ) 2 + p n (v n ) (6.9) 
Let E n be the Banach space consisting of elements v n with the norm 

K||„ - max((^)- 1 |.g„|, ,g- (2 ^V«l, r^'^^RMn^^U) (6.10) 

where the norm |||i?|||a n of R n is as defined in (5.6). v is the O(l) constant which figures in the specification 
of the domain T> n , (5.4). We have < v < 1. We will take v > sufficiently small depending on L and this 
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will be specified in the proofs of Lemmas 6.3 and 6.4 below. The norm ||w n ||$ n and the constant cl are as 
specified in Lemma 5.9. 

6.2. Domains and bounds 

Let E n (r) C E n be the open ball of radius r, centered at the origin: 

E n {r) = {v n G E n : \\v n \\ n < r} (6.11) 
Let T> n be the domain of (g n , p, n , Rn) defined in (5.4) and (5.5). 

V n G E n (l) => (g n , fl n , Rn) G V n (6.12) 

and then Theorem 5.1 holds. 

Let v n G E n {l). Let e > be sufficiently small (depending on L). Then from Theorem 5.1, Lemma 5.12 , 
(6.8) and (6.9) we get the bounds 

\in(v n )\ <C L ([v 2 + L-^f+g 11 '^) 

\~Pn{Vn)\ <C L ? ( 6J3 ) 
|||^n+lK)|||n+l <L- 1/4 .9 11/4 ^ 

We have the following Lipshitz bounds : 
Lemma 6.1 

Let v n ,v' n € E n (l/4). Then we have: 



-11/4-r; 



\V n ~ V n \\ n 



(i) \in(Vn) - in(v' n )\ < C L ((l/ 2 + L^)f + f 

(ii) \p n (v„) - p„(v' n )\ <C L g 2 \\v n -v' n \\ n ^ 

(iii) - U n+1 (v' n )\\\ n+1 < O^L-^g^l^Wvn - v'Jn 

(iv) ^'l/n+LwK) - /n+l,w«)||n+l < £~ 1/5 |K - v'J n 

Proof. 

£,n,Pn, U n+ i are (norm) analytic functions in T> n an d thus in E n (l). The analyticity follows from the algebraic 
operations in Section 4, the norm analyticity of the reblocking map together with the norm analyticity of 
the extraction map (Theorem 5 [BDH-est]). Therefore we can use Cauchy estimates exactly as in in the 
proof of Lemma 6.1 of [BMS] together with the bounds (6.13) to get (i), (ii) and (iii). To get (iv) note that 
from (6.6) and the definition of the norms in (5.61) we have 



||/n + i,wK) - /n+i,w(«;)||n+i < ^ max sup U\x\ + 6 n+ i) ^ |4 P) (Lx) - wpHLx)\) 

<L^max sup (M + S n+1 )^ (y) - w'£>\y)\ 
i<p<3 y e(S n zr V L> 



1 <P<3j /(E (5„Z)3 v 



< z,- 1/5 llw„ - w: 
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where we have used d s — and then L large and e sufficiently small. Now dividing both sides by cl we 
get (iv). ■ 

6.3. Existence of the global RG trajectory 

Let T> n be the domain specified by (5. 4), (5. 5), and (5.6). Let (<7o>Mo 5 0) belong to T>o C T> where Vq is 
specified by 

\go\ < 2-(" 0+5 Vg, \hq\ < 2 -("o+5) L -^no^2-6 

Let n be a positive integer. By iterating the RG map no times using Theorem 5.1 and the flow equation 
(4.39) recursively we obtain for e sufficiently small depending on L and n , (g no , [i no , R no ) € 2?„ (l/32) 
where D„ (l/32) is specified by 

\9n \<^9, l^nol < ^9 2 ~ S 
MIR IN < J_oll/4--) 

We will now prove the existence of a global solution to the discrete flow map (6.2): 

Vn+1 = fn+l(v n ), V fl > n 

with initial condition 

in a bounded domain. We will say that {v n : v n +\ = /„+i(w„), n > no} is the RG trajectory restarted at 
scale no- To this end we consider the Banach space E„ of sequences s„ = {«„}„>„„, each v n e E n , with 
the norm 

||s„J = sup ||u„|| n (6.15) 

n>no 



and the open ball E„ (r) C E 



E„o(r) ={s„ : ||s„ || < r} (6.16) 



We will derive on the space of sequences E„ an equation that a global RG trajectory must solve and then 
prove for v no € £ , „ (l/32) the existence of a unique solution in the ball E„ (l/4), for a suitable choice of 
r, by the contraction mapping principle. This adapts a standard method from the theory of hyperbolic 
dynamical systems in Banach spaces due to Irwin in [I]. Irwin's analysis is explained by Shub in Appendix 
2, Chapter 5 of [S]. For earlier applications see section 5 of [BDH-cps] and section 6 of [BMS]. 

Theorem 6.2 

Let L be large, v be sufficiently small depending on L, then e sufficiently small depending on L. Let v no e 
E no (l/32) for any integer n > 0. Let (g no , R no , w„ ) be held fixed. Then there is a fi no such that there 
exists a sequence s„ = {v n } n > no in E no (l/4) satisfying v n+1 = f n +i(v n ) for all n > n Q . 

Remark: The /x„ of the theorem is called a critical mass. We write u„ = /i„ 0jC 

Proof 

Our initial data will be at scale no- Let no < n < N — 1. We iterate the map (6.3) forwards N times. We 
iterate the map (6.4) backwards N — n times starting from a given ujy. We then easily derive 
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g n+1 = a(e) n+1 - n °~g na + ]T a(e) n -^ 3 (v 3 ), n < n < N - 1 

j=n 
N-l 
j=n+l 

Let us fix = an d take Af — > oo. In other words we assume the /i„ flow is bounded and then must 
show that such a flow exists. We have 

n 

g n+1 = a{e) n+1 - n °~g no + ]T a(e)"-^>,), n > n (6.17) 

OO 

Mn+i=- E L'^^pM), »>no-l (6.18) 

J=n+1 

together with 

i?„+i = f n+1 (u n ), n > n (6.19) 



w„+i = (v„+i - v c *) + w„, L (6.20) 

The flow w„ is independent of that of g n , fi n , R n , is solved by (5.60) and satisfies the bounds of Lemma 5.9. 
This solution can be incorporated in the v n and w„ is then no longer a flow variable. 
For e sufficiently small (depending on L) 

< a(e) < 1 (6.21) 

Note that s„ £ E„ (l/4) implies vj E Ej(l/4) for all j > no. Then the infinite sum of (6.18) converges 
by (6.21) and (6.13). So fi no has now been determined provided (6.17)-(6.19) has a solution in the afore 
mentioned ball. It is easy to verify that any solution of (6.17)- (6.18), together with the w flow, is a solution 
of the RG flow v n+ i — f n +i{v n ) for n > n . 

We write (6.17)-(6.19) in the form 

v n+1 = F„+i(s„ ), n > n (6.22) 

where s„ = (v no , f„ 0+ i, v„ 0+2 , ...) and F n+1 has components (i^+i , , i^+i ) given by the r.h.s. of 
(6.17), (6.18), (6.19) respectively. 
If we write 

F( s n ) — (Fna ( s n )j Fna + 1 ( s n )j •••) 

then (6.22) can be written as a fixed point equation 

s„ =F(s„ ) (6.23) 

We seek a solution of (6.23) in the open ball E„ (l/4) with initial data v no = (g„ , , -R„ , w„ ) in 
E no (l/32) with (g no , R no , w„ ) held fixed. The existence of a unique solution follows by the standard 
contraction mapping principle and the next Lemma. ■ 

Lemma 6.3 
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s„ G E„ (1/32) F(s„ ) e E„ (1/16) (6.24) 

Moreover, for s„ ,s; o E E no (l/4) 

||F(s„ )-F( S ; o )||<i|| S „ -s; o || (6.25) 



Proof 

First we prove (6.24), and thus take s„ G E„ (l/32). Then v n e E n (l/32) for every n > n and we can use 
the estimates (6.13). From (6.17) and the estimates in (6.13) we have 

1 ™ 

("5) _1 |^+i(8no)l < a(e)- + (vg)- 1 a(er-iC L ((v 2 +L-™)f+g^-T>) 

j=n 

1 nVt-V ny n 

< i + c L~n rr) + ^^tt + c l 



32 "i/(l-a(£)' l-a(c) ^(1 - a(e)- 1 L-9) 

< 1 + Cl £ 3/4-^ + Sh^ v + ^ e < 1 

32 i/logl logL v[\-L-i) 16 

for L sufficiently large, v sufficiently small depending on L so that 5^7; ^ < 1/96 and then e sufficiently small 
depending on L so that g < Cl£ is sufficiently small, v ^_^- q ^ < 1/96 and iyl ^ L e 1 / 4 ~' ? < 1/96 
Similarly from (6.18) and (6.13) we have 

oo 

9-^\F^n )\<c L g S £ L-^-^<L-^(l-L-^<^ 

j=n+l 

since 5 = 1/64, L sufficiently large, and e sufficiently small depending on L. 
Finally from (6.19) and (6.13) 

r (W^)||| F CJ) (8fio) || Ul < L -i/4 < ^ 
for L sufficiently large. This proves (6.24). 

To prove (6.25), take s no ,s^ € E„ (l/4). This implies that v ni v' n <E E n (l/4) for every n > no and we can 
use the Lipshitz estimates of lemma 6.1. Note that the initial coupling g no is held fixed. Then we have 

n 

(^)- 1 |^ 9 + ) 1 (s„ )-F^ 1 (s; o )| < ]T aier-iivgy^jivj)-^ 

3=no 

n 

< (vg)- 1 «( e )"-^ i ((^ + L-^)5 2 +g 11 / 4 -")||s„ - S : io || 

by estimating as above in the bound for i^+i(s„ ) with L sufficiently large, v sufficiently small depending 
on L and e sufficiently small depending on L. Similarly, 

oo 
j=n+l 
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< L"^(l - L-^)-'C L g s \\s no - s' n J < I|| Sno - s; o || 
for L sufficiently large and e sufficiently small depending on L. Finally 

<O(l)L- 1/4 ||s ri0 -<J < \\\s na - s' no \\ 

for L sufficiently large. Thus (6.25) has been proved. This completes the proof of Theorem 6.2. ■ 

6.4- Theorem 6.2 says that if v no — (g no , /i„ , R no , w„ ) <G £ , „ (l/32) for any no > then there is a critical 
mass fi no — n noC such that a uniformly bounded RG trajectory exists. The Theorem 6.4 below proves the 
uniqueness of [i n(uC for n sufficiently large : ^„ . c is a Lipshitz continuous function of (g no , i£„ , w no ) . In 
Theorem 6.6 below we prove that given fi no as above there is a /zo given by a C 1 function of 50 such that 
after no applications of the RG map we arrive at zt„ ■ 

To this end we represent the Banach space E n as a product of two Banach spaces E n — E n ^i x E n ^- 
We write v n G E n as v„ = (u„,i,u„,2) where v ni i = (g„, i?„, w„) and u„ i2 = Mn- v n ,2 is the expanding 
(relevant)variable. Let pi, i — 1,2, denote the projector onto and f n ,i — Pi° f n - The norm || • ||„ on E n 
being a box norm we have 

||w„||„ = max(||w„ ; i|| n , ||w„, 2 ||„) 
where ||un,2||n = <T (2 ~ 5) |/i„| and ||u„,i||„ = max((^) _1 |5„|, g' {11/4 ^ n) \\\ R n\\\s n ,cl 1 \\\v n \\s 7l ). 

In the following we continue to assume that L is sufficiently large, followed by v sufficiently small depending 
on L, then e sufficiently small depending on L. The last condition also implies that g < Cl£- 

Theorem 6.4 : Let s„ = {v n : v n+1 = f n +i(v n )} n>n a € E(l/4) be the global RG trajectory of Theorem 6.2. 
Then for no sufficiently large there exists a Lipshitz continuous function h : E nat i — * M with Lipshitz constant 
1 such that the stable manifold of the sequence of maps {f n }n>n a +i, W£ a = {v no € £'„ (l/32) : s„ e E(l/4)} 
is the graph 

W n = {Vn ,l,h(v n0tl } 

We will prove the theorem following the analysis of Shub in [S, Section 5]. The Schub analysis has been 
employed earlier in the context of continuum models, (see [Section 5.3, BDH-cps] and [Section 6, BMS]). 
Here we have to take account of additional features stemming from the lattice which results in no having 
to be taken sufficiently large (sufficiently fine lattice) for the argument to work. This will be clear from the 
proof of the following lemma from which Theorem 6.4 follows. 

Lemma 6.5 

Let v n ,v' n e E n {l/A). Then for n>n , n sufficiently large depending on v and L 

H/n+l,lK) - fn+l,lK)\\ n+ l < (1 " e)\\v n - v'J n (6.26) 

and, if \\v n> 2 - <, 2 IU > \\ v n,i - <,ilU then 

||/n+l,2K) - /n+l,2«)IU+l > (1 + s)\\v n - v'J n (6.27) 

Proof 

First we prove (6.26). f n +i,i has components f n +i, g , fn+i.R and f n +i, w - From (6.3) 
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fn+i, g (y n ) = a(e)g n + £„(i>„) 
Since v n ,v' n e EJl/4) we can use lemma 6.1. Therefore for n > n 

M _1 |/>.+l,sK) - fn+l,g( V 'n)\ < "("OIK - v'J n + (^) _1 ||„K) - in{v' n )\ 

< ( 1 - elog(L) + C L e(v + -L- n ° q + -e 3 '^ 
\ v v 



Let L be large. Let v be sufficiently small and n sufficiently large so that C^L no< ?/ 2 < v < anc l e 
sufficiently small so that v > Cl£ 3//8 ~' ) . Then we have 

1 - e log(L) + eC L (i> + iir™ <? + i e 3 / 4 -") < 1 + e(- log(L) + 1 + L- qna ' 2 + e 3 / 8 ) 

< 1 + e(- log(L) + 3) < 1-e 

Therefore 

- /»+i,sK)l < (! - - W nlU 

Since f n +i,R{v n ) = U n+ i(v n ), we have from lemma 6.1 for L sufficiently large 

g- {iyi - V) \\\fn+lAVn) / n+ l, fl K)|||n+l < (1 " <0K - v'J n 

as well as 

C^IL/Wl.wK) - /n+l,w«)||n+l < (1 - £)|K - "nlln 

These three inequalities prove (6.26). 

Remark: n had to be chosen sufficiently large because the g n flow coefficient a n , see (6.7), depends on the 
lattice scale n. a n converges geometrically (Lemma 5.12) to a constant a c „. As a result we have to wait 
sufficiently long before g n becomes irrelevant. A consequence of this is the presence of the L~ qn g 2 term in 
the first inequality of Lemma 6.1. It has to be sufficiently small to ensure the validity of the first of three 
inqualities above. 

Next we turn to (6.27). In this case by assumption \\v n ^ — v' n2 \\ > \\ v n,i — v ' n .i\\ an d hence, since our norms 
are box norms, we have 



\v n -v'J n = \\v„, 2 ~V' 2 \\ n =g (2 6 ^\fj, n - fl' n 



From (6.4) 



3 + e 



fn+l,n(v n ) = L 2 fl n + p~ n {v n ) 

Then, using lemma 6.1, wc have 

9- (2 - S) \f,{Vn) fM >L^\\v n - V'Jn - g- (2 - S) \P{Vn) ~P«)\ 

>{L^ -C L g 5 )\\vn-v'Jn 
> (l + e)\\v n -vj 

for e sufficiently small depending on L. This proves (6.27). ■ 

Proof of Theorem 6.4 
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Given Lemma 6.5, the proof follows the Schub argument as in [BMS]. Namely, to prove that W* is given by a 
graph of a function v n0: 2 = h(y no ^) it is enough to prove that if in W% we take two points v no = {v no ,i,v n0t 2) 
and v' no = (v' noA ,v' n0t2 ) then 

||«no,2 - <,, 2 lk < \\v no s - v' na l \\ na (6.28) 

because then for a given v no s we would have at most one v no ,2, and by theorem 6.2 there exists such a v nQ _i- 
This means that W^ g is the graph of a function h, v no ^ = /i(w„ 0j i), and moreover 

II^Ko.l) - Hv'„ ,l)\\no < IK ,1 - ^'n ,l\\n 

Suppose (6.28) is not true. Then 

\\v no ,2 ~ v' no , 2 \\n > |K„,1 - < ,l||n (6-29) 

(6.29) implies that (6.27) holds. The latter followed by (6.26) gives 

||/no+l,2Ko)-/no + l,2K )||n +l > (1 + e) IK ~ '"'no IUo > i 1 ~ <0 IKo ~ *4 lUo 

> ||/n +l,lKo) - /n +l,l( u n )IUo+l ( 6 - 30 ) 

and hence 

H/no+lKo) - /no + lK )IUo + l = II /n + l,2 K ) - /n + l,2« )||n + l > (1 + e)|K - <, IL (6-31) 

Define the composition of maps 

'Pn = fn+k ° ° fn+2 ° fn+1 

Now 

ll^n ( U no) - ^l { v 'n )\\n +2 = II fn +2 (fn + l (v n „ )) - /n +2 (/n +l (*4 )) IUo+2 

By (6.30) and the second part of Lemma 6.4 followed by (6.31) we get 

ll^noKo) - K (v'n )\\n a +2 > (1 + e) || /n +l K ) ~ /no+1 K ) IUo+1 > i 1 + II V n - < II n Q 

Repeating this k times we get for all k > 

ll^ Ko)-^ « )IUo +fe >(l+£) fe |l^o-^oll™o (6-32) 

Now v no ,v' no belong to W£ and (u no ) i s a member of the sequence s„ e E(l/4). Therefore 
ll' P no(' u «o)llno+fc < !/ 4 - Therefore we have from (6.32) the bound \ > (1 + e) fe ||w„ - u' l0 ||„ . By making 
fc arbitrarily large we get a contradiction because v nQ ^ v' na under (6.29). Hence (6.28) is true and the 
theorem 6.4 has been proved ■ 

The next theorem establishes the uniqueness of the critical mass at the unit lattice scale. 
Theorem 6.6: Let no and /x„ be as in Theorem 6.4. Let go, /iq, Rq, wo belong to T>o, defined in the beginning 
of subsection 6.2. with R = 0, w = 0. Let Ui(l) = {g : 2(" 0+5 )(^)- 1 |g | < 1}- Let e be sufficiently small 
depending on L and n . Then there exists an open ball Uo C U\(l) and a C 1 function h : Uo — > M such 
that for jj, = ho(go) the RG map applied no times gives the effective critical mass /z„ . 
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Remark: This is the first time in our estimates that £ has been chosen to depend on uq. Recall that in 
Lemma 6.5 no was taken to be sufficiently large depending on v and L. 

Proof: Let v n be as in (6.1). Let r n = 2-("°-™+ 5 ) and A„ = L-^^o-n). Let E n , 1 < n < n , be the 
Banach space consisting of v n with norm 

K||„ =m&x(r- 1 (isg)- 1 \g n \, r^X^g-^Wl g'^'^Wl^Wl, c^lKIU) (6.33) 

We have E n C E n . E n (l) is the open unit ball in £„. Note that i?o(l) coincides with X> as defined in the 
beginning of subsection 6.2, for i?o = and wo = 0, and E no (l) = E no (-^). Then by Theorem 5.1 and 
Lemma 5.9 for 1 < n < n we have each RG map /„ : E n (l) — > E n+ i(l). Moreover each such map is (norm) 
analytic. Define the composition of maps 

K° = f no o /„ _i o • • A : £ (1) - E na (1) (6.34) 

is the composition of a finite number of analytic maps and therefore analytic. We consider the equation 
v no — Fo°(vo) in the direction p: 

Mno = (K°)M (6.35) 
with vo = (go, Mo, 0, wo) with wo = 0, ( recall that wo = wq — w*). 

We will solve (6.33) for po for fixed p„ using the (Banach space) implicit function theorem. Let x — (go, p no ) 
and y = /io- We have set w = i?o = 0. Let V\ be the Banach space of elements x with norm 

WA = max^ 1 ^)- 1 ^!, r-^g- (2 - S) \fi no \) 
Let Vi be the Banach space of elements y with norm 

\\y\\ = To 1 \o 1 g- {2 - 5) \^\ 

Let Vj(r) be the open ball in Vj of radius r, centered at the origin. Define 



F(x,y) = (V^)^(v )-p no (6.36) 
Solving (6.35) is equivalent to solving F(x, y) = for y. 

Recall that vo — (go, Po, 0, wo). We have F(0,0) = and F(-, •) : Vi(l) x V^(l) — > K is an analytic map 
and therefore C 2 . Taking a y derivative of F(x,y) gives D y F(x,y) = D^ CPo°)^( v o)- We will prove that 
the linear map 

D y F(0, 0) : V 2 -» R 

is injective. It is easy to see that 

no-l 

(3+e) / (3+e) x — (3 + e) ■ \ 

V i=Z 7 (6.37) 

= Pj ° CPo%M 

was defined earlier in (6.9) and is analytic in Ej(l). The map pj o (Vo)fj, is analytic since it is a composition 
of analytic maps. Let po <G V2( j)- Let 7 be the closed contour 7 = {p : p— po = Re l9 } with R = \roXog^ 2 ~ s ^ ■ 
We estimate the p derivative of pj o ("Po) M (w ) by using the Cauchy integral formula integrating along the 
contour 7 enclosing a pole at po together with the estimate for pj(vj) given in (6.13) which is valid in Ej(l). 
The latter is guaranteed by our choice of contour. We have 
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Using this estimate we get from (6.37) 



=2 



9o=A»o=0 -ft 



ffo=A»o=0 

Taking e sufficiently small depending on L and no makes g sufficiently small so as to ensure 
^o(^ > o°)a»( i; o) > |< Therefore the map D y F(0, 0) : Va — * K is injective. Hence by the implicit 

30=^0=0 

function theorem there exists a ball Uq containing x — with U$ C Vi(l), and a C 1 function ho in Uq 
with ho(x) £ V2(h) such that F(x, ho(x)) = 0. For e sufficiently small depending on L and no we have 
« ri0 G JJq. This completes the proof of the theorem because for fj, na G t/o, ?7o restricts to the ball Uq and 
correspondingly ho restricts to the desired function ho- ■ 

Theorem 6.4 and Theorem 6.6 put together completes our construction of the stable manifold starting from 
the unit lattice. 

Finally we remark that as a consequence of theorem 6.4 we have v n £ E n (l/4), Vn > no- This implies that 
\dn\ < jvg, Vn > no- By construction the same statement is also true for < n < no- Whence for all n > 

(1 - -v)g < g n < (1 + l v )g (6.38) 

We have < v < i . Therefore the effective coupling constant generated by the discrete RG flow is uniformly 
bounded away from at all RG scales. 

Acknowledgements : We thank an anonymous referee for detecting a non-uniqueness in the definition 
of norms involving fermions which occured in an earlier version of this paper. We also thank him for his 
numerous comments, suggestions and questions which have helped us to improve the paper. One of us (PKM) 
is especially grateful to David Brydges for many fruitful conversations during the course of this work. He 
thanks Gerard Menessier for helpful conversations and Erhard Sciler for his comments on an earlier version 
of the manuscript. 

References 

[AR] A. Abdesselam: A Complete Renormalization Group Trajectory Between Two Fixed Points, Commun. 



Math. Phys (to be published), |http: / /arXiv:math-ph/061001g . 



[Ball] Tadeusz Balaban: (Higgs)2,3 quantum fields in a finite volume. I. A lower bound, Commun. Math. 
Phys. 85, 603-626 (1982). 

[Bal2] Tadeusz Balaban: (Higgs)2,3 quantum fields in a finite volume. II. An upper bound, Commun. Math. 
Phys. 86, 555-594 (1982). 

[Bal3] Tadeusz Balaban: Renormalization group approach to lattice gauge theories. I. Generation of effective 
actions in a small field approximation and a coupling constant renormalization in four dimensions, Commun. 
Math. Phys. 109, 249-301 (1987). 

[BKL] J. Bricmont, A. Kupiainen and R. Lefevere: Renormalizing the renormalization group pathologies, 
Physics Reports 348 5-31 (2001) 

[BDH-est] D. Brydges, J. Dimock and T.R. Hurd: Estimates on Renormalization Group Transformation, 



9/se«tembre/2008 [81] 



6:81 



Canad. J. Math. 50, 756-793 (1998), no. 4. 

[BDH-cps] D. Brydges, J. Dimock and T.R. Hurd: A Non-Gaussian Fixed Point for <p 4 in 4-e Dimensions, 
Commun. Math. Phys. 198, 111-156 (1998). 

[BGM] D. Brydges, G. Guadagni and P. K. Mitter: Finite range Decomposition of Gaussian Processes, 
J.Statist.Phys. 115, 415-449 (2004) 

[BEI] David Brydges, Steven N. Evans, John Z. Imbrie: Self- Avoiding Walk on a Hierarchical Lattice in 
Four Dimensions, The Annals of Probability, 20, 82-124 (1992). 

[BIl]David C. Brydges and John Z. Imbrie: End-to-End Distance from the Green's Function for a Hierarchical 
Self- Avoiding Walk in Four Dimensions, Commun. Math. Phys. 239, 523-547 (2003). 

[BI2] David C. Brydges and John Z. Imbrie: Green's Function for a Hierarchical Self-Avoiding Walk in Four 
Dimensions, Commun. Math. Phys. 239, 549-584 (2003). 

[BM] David C. Brydges and P. K. Mitter: On the convergence to the continuum of finite range lattice 
covariances, (in preparation). 

[BMS] D.C. Brydges, P. K. Mitter and B. Scoppola : Critical (<J> 4 ) 3 , £ , Commun. Math. Phys. 240, 281-327 
(2003). 

[BS] David C. Brydges and Gordon Slade : (in preparation). 

[BY] D. Brydges and H.T. Yau: Grad <j> Perturbations of Massless Gaussian Fields, Commun. Math. Phys. 
129, 351-392 (1990). 

[F] W. Feller, An introduction to probability theory and its applications, Vol.2, John Wiley and Sons, 
Hobokcn, N.J., 1968. 

[GK1] K. Gawedzki and A. Kupiaincn: A rigorous block spin approach to massless field theories, Commun. 
Math. Phys. 77, 31-64 (1980) 

[GK2] K. Gawedzki and A. Kupiaincn: A rigorous block spin approach to massless field theories, Ann. Phys. 
147, 198 (1980) 

[GK3] K. Gawedzki and A. Kupiaincn: Massless {4>)\ theory: Rigorous control of a renormalizable asmptot- 
ically free model, Commun. Math. Phys. 99, 197-252 (1985). 

[G] R. B. Griffiths: Nonanalytic behaviour above the critical point in a random Ising ferromagnet, Phys. 
Rev. Lett. 23, 17-20 (1969). 

[GP1] R. B. Griffiths and P. A. Pearce: Position-space renormalization group transformations: some proofs 
and some problems, Phys. Rev. Lett. 41, 917-920 (1978). 

[GP2] R. B. Griffiths and P. A. Pearce: Mathematical properties of position-space renormalization group 
transformations, J. Stat. Phys. 20, 499-545 (1979). 

[I] M.C. Irwin: On the stable manifold theorem, Bull. London Math. Soc. 2, 196-198 (1970). 

[KG] A. N. Kolmogoroff and B. V. Gncdcnko, Limit Distributions of sums of independant random variables, 

9/settemf>re/2008 [82] 6:82 



Addison Wesley, Cambridge, Mass 1954. 

[Mc] A. J. McKane: Reformulation of n — > models using supersymmetry, Phys.Lctt. A 41, 22-44 (1980) 

[PS] G. Parisi and N. Sourlas: Self-avoiding walk and supersymmetry, J.Phys.Lett. 41, L403-L406 (1980) 

[S] M. Shub: Global Stability of Dynamical Systems, Springer- Verlag, New York, 1987. 

[WK] K. G. Wilson and J. Kogut: The Renormalization Group and the e expansion. Phys. Rep. (Sect C of 
Phys. Lett.) 12, 75-200 (1974). 



9/settemf>7-e/2008 [83] 



6:83 



